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1. INTRODUCTION

Jump-diffusion security market models have been intensively studied in Finance
and Financial Economics, and in particular, in the context of CAPM*, option pric-
ing?, and portfolio choice®. In most of jump-diffusion security market models, the
jump magnitude is specified as a continuously distributed random variable at each
jump time. In this case, the dimensionality of martingale generator in the markets®,
which can be interpreted as “the number of sources of uncertainty,” is uncountably
infinite, and no finite set of traded securities can complete the markets. While
many equilibrium analyses have been conducted in security market economy with
finite dimensional martingale generator,’ in security market economy with infinite
dimensional martingale generator, no equilibrium analysis had been conducted until
recently. The author’s companion paper (Kusuda [35]) has shown that a general-
ized security market equilibrium in an “approximately complete security market”
(Bjork et al. [9]) economy can be identified with an Arrow-Debreu equilibrium in
the corresponding Arrow-Debreu economy.

The purpose of this paper is to present (1) a sufficient condition for the existence
of the Arrow-Debreu equilibria in the case of stochastic differential utilities (SDUs,
hereafter), and (2) sufficient conditions for the existence, uniqueness, and local
uniqueness of ASM equilibria in the case of time additive utilities (TAUs, hereafter),
in the corresponding Arrow-Debreu economy. In subsequent papers, Consumption-
based CAPMs with jump risk and a broad class of jump-diffusion option pricing
models are presented in the class of GE models with infinite dimensional martingale
generator (Kusuda [32]), and further interest rate derivative pricing models are
proposed in the class of jump-diffusion option pricing models (Kusuda [30] [34]).

A summary of this paper is as follows. A continuous-time security market econ-
omy with an infinite dimensional martingale generator, which consists of a jump
process given by a marked point process (see Appendix A) and a Wiener process, is
considered. Markets are assumed to be approzimately complete (Bjork et al. [9] [10])
in which every zero-coupon bond with any maturity time is traded, and any con-
tingent claim is approximately replicated with any given precision by an admissible
self-financing portfolio of the bonds. Since it is shown that a generalized security
market equilibrium called approzimate security market (ASM, hereafter) equilib-
rium in approximately complete markets can be identified with an Arrow-Debreu
equilibrium (Kusuda [35]), this paper presents sufficient conditions for the existence
of Arrow-Debreu equilibria in the case of SDUs, and for the existence, uniqueness,
and finiteness (or local uniqueness) of Arrow-Debreu equilibria in the case of TAUs.

'Ahn and Thompson [2], Back [4], Kusuda [32], Madan [37], etc.

2Bakshi, Cao, and Chen [5], Bates [6] [7] [8], Bjork et al. [9] [10], Duffie, Pan, and Singleton [20],
Fujiwara and Miyahara [24], Merton [40], Naik and Lee [41], etc.

3Adachi [1], Daglish [12], Liu, Longstaff, and Pan [36], etc.

4Consider the case in which the information filtration in security markets is generated by a
d-dimensional Wiener process and a d’-dimensional Poisson process. In this case, a martingale
generator consists of the Wiener process and its compensated Poisson process, and its dimen-
sionality is d + d’. In this paper, the finite dimensional Poisson process is replaced with “infinite
dimensional Poisson process.”

5In security market economy in which the filtration is generated by a finite dimensional Wiener
process, Duffie [16], Duffie and Zame [22], and Huang [25] show sufficient conditions for the
existence of equilibria, and Karatzas, Lakner, Lehoczky, and Shreve [27], and Karatzas, Lehoczky,
and Shreve [28] present sufficient conditions for the existence and uniqueness of equilibria. Dana
and Pontier [15], and Duffie [16] show sufficient conditions for the existence of equilibria in security
market economy in which the filtration is more general than the one generated by finite dimensional
Wiener process. However, the martingale generator in their markets is still assumed to be finite
dimensional.



For the case of SDUs, a sufficient condition for the existence of Arrow-Debreu equi-
libria in the case of normalized SDUs (see Definition 7 in Section 5) is presented
(Duffie, Geoffard, and Skiadas [19]). It is also shown that any SDU is normal-
ized under diffusion information (Duffie and Epstein [18]). However, it does not
hold that any SDU is normalized under jump-diffusion information. Therefore, this
paper presents a necessary and sufficient condition for an SDU to be normalized
under jump-diffusion information. The result of Duffie, Geoffard, and Skiadas [19]
is then applied to the class of normalizable SDUs for jump-diffusion information.
The class of normalizable SDUs for jump-diffusion information includes the stan-
dard TAU, the Uzawa utility (Uzawa [43]), and the Kreps-Porteus utility (Kreps
and Porteus [29]). For the case of TAUs, sufficient conditions for the existence,
uniqueness, and local uniqueness of Arrow-Debreu equilibria for a static economy
(Dana [13] [14]). Her results, in which the Negishi approach (Negishi [42]) is ex-
ploited, are summarized in the following: (1) An Arrow-Debreu equilibrium can be
identified with a representative agent equilibrium; (2) There exists a representa-
tive agent equilibrium under a regularity condition; (3) If every agent’s relative risk
aversion coefficient is less than or equal to one, then the representative agent equilib-
rium is unique; (4) If every agent’s risk tolerance satisfies an integrability condition
and every agent’s endowment process is bounded away from zero, then the set of
equilibria is generically finite. This paper extends these results to continuous-time
economy.

The remainder of this paper is organized as follows. Section 2 provides a spec-
ification of security market economy with jump-diffusion information. Section 3
reviews the notions of approximately complete markets and ASM equilibrium, and
the result on the equivalence of ASM and Arrow-Debreu equilibria. Section 4
presents a sufficient condition for the existence of Arrow-Debreu equilibria in the
case of SDUs. Section 5 shows sufficient conditions for the existence, uniqueness,
and local uniqueness of Arrow-Debreu equilibria in the case of TAUs.

2. SECURITY MARKET ECONOMY WITH JUMP-DIFFUSION INFORMATION

In this section, a specification of security market economy with jump-diffusion
information is provided.

A continuous-time frictionless security market economy with time span [O,TT]
(abbreviated by T, hereafter) for a fixed horizon time T'T > 0 is considered. The
agents’ common subjective probability and information structure is modeled by a
complete filtered probability space (€2, F,FW¥  P) where FV¥ = (F})ieT is the
natural filtration generated by a d-dimensional Wiener process W and a marked
point process v(dt x dz) (see Appendix A) on a Lusin space (Z, Z) (in usual appli-
cations, Z = R?, or N, or a finite set) with the P-intensity kernel \;(dz).5 If the
mark space Z is infinite, then the dimensionality of martingale generator is infinite
because a martingale generator in this economy is (W, (v(dt x {z}) — Ae({2}))2e2)-
The author’s main concern is to consider the case in which Z is infinite, although
7Z is unspecified.

There is a single perishable consumption commodity. The commodity space is
a Banach space L = L>°(Q2 x T, P, u) where P is the predictable o-algebra on
Q x T, p is the product measure of P and Lebesgue measure on T. There are [
agents. Each agent i € {1,2,---,I} (abbreviated by I, hereafter) is represented by
(U, &"), where U? is a strictly increasing and continuous utility on the positive cone

6This information structure is based on Bjork, Kabanov, and Runggaldier [10]. More general
information structures are considered in Bjork, Di Masi, Kabanov, and Runggaldier [9] and in
Jarrow and Madan [26].
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L% of the consumption process and ¢ e L<° is an endowment process, which is
assumed to be nonzero. The economy mentioned above is described by a collection

E= ((97]:) FW’VaP)a (Uzaéz)zel)

There are markets for the consumption commodity and securities at every date
t € T. The traded securities are nominal-risk-free security (NOT the risk-free se-
curity) called the money market account and a continuum of zero-coupon bonds
whose maturity times are (0, 7], each of which pays one unit of cash (NOT one unit
of the commodity) at its maturity time. Let p, B, and (B”)r¢ (g 1] denote the con-
sumption commodity price process, nominal money market account price process
and nominal bond price processes, respectively. The collection (B, (BT)T6(07TT]) of
security prices is abbreviated by B, and called the family of bond prices.

Following Bjork, Kabanov, and Runggaldier [10], each agent is allowed to hold a
portfolio consisting of the money market account and all of bonds at one time. To
do so, we define the portfolio component of bonds by a signed finite Borel measure
on [t,TT] for every event w €  and time t € T.

Definition 1. A portfolio is a stochastic process ¥ = (99, 91(+)) that satisfies:

(1) The component ¥° is a real-valued P-measurable process.
(2) The component ¥ is such that:
(i) For every (w,t) € Q x T, the set function 9} (w, -) is a signed finite
Borel measure on [t, T'T].
(i) For every Borel set A, the process ¥!(A) is P-measurable.

3. APPROXIMATE SECURITY MARKET EQUILIBRIUM

In this section, a review of approximately complete markets and ASM (Approx-
imate Security Market) equilibrium, and the result on the equivalence of ASM and
Arrow-Debreu equilibria is conducted following the companion paper (Kusuda [35]).

First, a class of families of bond prices is introduced such that the markets are
arbitrage-free and approximately complete (for definitions, see Kusuda [35]), and
that for every family of bond prices in this class, an ASM equilibrium can be
identified with an Arrow-Debreu equilibrium.

Definition 2. A family of bond prices B is implementable if and only if the fol-
lowing three conditions hold (for definitions of regular, risk-neutral measure, and
density process, see Kusuda [35]):

(1) B is regular.

(2) There exists a unique risk-neutral measure PB.

(3) The discounted density process % of PB relative to P is bounded above

and bounded away from zero p-a.e.
Let B denote the class of families of implementable bond prices. Next, we intro-

duce a class of admissible portfolios.

Definition 3. Let B in B. A feasible portfolio at B (for definition, see Kusuda [35])

is admissible at B if and only if the discounted value process VBBW) is bounded below
P-a.s. where
Tt
VB(9) = B, 9? + / B9, (dT) vt € T.
t

Let ©(B) denote the class of admissible portfolios at B. Now the notion of ASM
equilibrium is introduced in which each agent is allowed to choose any consump-
tion plan that can be approximately financed with any prescribed precision by a
budgetary admissible portfolio.
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Definition 4. A collection ((¢")ie1,p,B) € [[;e; LY x L x B constitutes an
ASM (Approxzimate Security Market) equilibrium for E if and only if the following
conditions hold:

(1) For every i € I, ¢ solves the problem
max  U’(c")

cieCi(p,B)
where
Ci(p,B) = {ci €LY : I(V,)nen € H O(B) s.t.
nEN

t t
VB = / 99 dB, +/ / 19“ (dT)dBT + / ps(@ —cl)ds  V(n,t) eNxT,
0 0
Tim VB (9),) = 0}.
(2) The commodity market is cleared as Y, ;¢ = >, 1 .

We say that a collection ((¢")ier,m) € [];ey LS x LY constitutes an Arrow-
Debreu equilibrium for E if and only if the following conditions hold:

(1) For every i € I, ¢ solves the problem
max U'(c')
cteCi(m)
, , o '
where C*(7) = {¢' € LY : fOT cids = [ ¢ ds}.
(2) The commodity market is cleared as Y, 1 ¢ = >, 1 .

It can be proven that for every implementable family of bond prices B € B, an
ASM equilibrium ((¢");e1,p, B) for E is identified with an Arrow-Debreu equilib-
rium ((é%);e1, 7) for E under the relation ABp = 7. It can also be shown that if the
mark space is finite, then for every implementable family of bond prices, an ASM
equilibrium is reduced to be a security market equilibrium.

Theorem 1. Let B € B. It follows that:

(1) (i) Let ((¢")ie1,m) be an Arrow-Debreu equilibrium for E. Define p =
(ABY=1x. Then ((¢')ic1,p, B) is an ASM equilibrium for E.
(ii) Conwersely, let ((¢ )zel,p, B) be an ASM equilibrium for E. Define
7= ABp. Then ((¢")ic1, ) is an Arrow-Debreu equilibrium for E.
(2) Suppose that the mark space Z is finite. Then ((¢');e1, p, B) is an ASM equi-
librium for E if and only if ((¢')ie1,p, B) is a security market equilibrium
for E.

Proof. See Kusuda [35] U

Now the task is reduced to present sufficient conditions for the existence of
Arrow-Debreu equilibria in the case of SDUs, and for the existence, uniqueness,
and local uniqueness of Arrow-Debreu equilibria in the case of TAUs.

4. EXISTENCE OF EQUILIBRIA IN CASE OF SDUs

In this section, a sufficient condition for the existence of Arrow-Debreu equilibria
in the case of SDUs (Stochastic Differential Utilities) is presented. Duffie and
Epstein [18] show that any SDU is normalized under pure diffusion information,
and Duffie, Geoffard, and Skiadas [19] present sufficient conditions for the existence
of Arrow-Debreu equilibria in the case of normalized SDUs. However, it does not
hold that any SDU is normalized under jump-diffusion information. Therefore, this
paper presents a necessary and sufficient condition for an SDU to be normalized
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under jump-diffusion information. The result of Duffie, Geoffard, and Skiadas [19] is
then applied to the class of normalizable SDUs for jump-diffusion information. The
class of normalizable SDUs for jump-diffusion information is a subclass of SDUs for
diffusion information, but still includes the standard TAU (Time Additive Utility),
the Uzawa utility (Uzawa [43]), the Kreps-Porteus utility (Kreps and Porteus [29]),
etc.

The notion of SDU was first introduced by Kreps and Porteus [29], developed
by Epstein and Zin [23] in discrete-time setting, and extended to continuous-time
setting by Duffie and Epstein [18]. An SDU has an expected recursive utility rep-
resentation and is an extension of the standard TAU. It is well known that in the
standard TAU, both of risk aversion and intertemporal substitution depend on the
curvature of the von Neumann-Morgenstern utility function, for instance, the rela-
tive risk aversion is reciprocal of the elasticity of intertemporal substitution in the
CRRA utility. These two properties of utility can be independently given in SDUs.
In this section, it is assumed that agents’ common subjective probability and infor-
mation structure is modeled by a complete filtered probability space (2, F,F, P),
where F = (F;)ier is a filtration satisfying usual conditions.

4.1. Normalizable SDUs under Jump-Diffusion Information. First, the no-
tion of SDU for diffusion information given by Duffie and Epstein [18] is reviewed
(for definitions of aggregator, certainty equivalent, and its local gradient representa-
tion, see Duffie and Epstein [18]).

Definition 5. Let F = F" where FV is the natural filtration generated by d-
dimensional Wiener process W. Then a utility U : LY — Risan SDU for diffusion
information if and only if U is characterized by an aggregator (f,q) such that
U(c) =Y, for every c € L% where Y is a unique solution in L of the stochastic
differential equation:

dY; = dt + o) - AW, vteT
with Y+ = 0 where u? € L:l, oV e szl L2, and satisfy

_ _ 1_ 5 5 %
sz = —f(CS,}/;) - 5 qll(}/;vys) HJ§/H2

where ¢ : R? — R is the local gradient representation (LGR, hereafter) of certainty
equivalent, and satisfies ¢ € C*Y and g, (z,2) = 1 for every z € R.

The notion of SDU for jump-diffusion information is introduced, which is a
natural extension of the notion of SDU for diffusion information.

Definition 6. Let F = F"-v, Then a utility U:L*® - Risan SDU for jump-
diffusion information if and only if U is characterized by an aggregator (f, ) such
that U(c) = Yy for every ¢ € LY where Y is a unique solution in L of the SDDE:

dY, = pY dt + o) - dW, +Yt7/mf(z){l/(dt xdz) — A\(dz)dt}  VteT (4.1)
Z

with Y+ = 0 where u¥ € £1, oY € H?Zl £2, mY e £Y(\(dz) x dt), and satisfy

pl = = Fes V2) = 5 @ (Ve V) o) |

/{q (1+mY (2))Ya, Vo) = (Y, Vo) = Yam! (2)}As(d2)  (4.2)

where G is the LGR of certainty equivalent @, and satisfies § € C*° and g (z,2) = 1
for every z € R.
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Remark 1. Equation (4.2) is derived from definitions of the aggregator (f,q):

L 1 I o _
Fen¥e) = = lim 2B, [q(Vi. ¥ioa) —a(Viea, Viea)]

1 ' RN R R IR
——tw 5B [ (@m0 + G ) o]

/{q 1—|—m )Y Ys)_Q( MYS)_@( 55 S)Ysmf(Z)}As(dz)}dS}

_ﬂt - 5(]11(1@,1@) Hat H2

_ / (@1 +m¥ (2)V, V) — 4V, Ti) = Vem? (2)Ae(d2).

Here the property g (Ys,Ys) = 1 was used.

Remark 2. An SDU U for diffusion information has the following recursive expected
utility representation:

TT
i i |
Yt:—Et[/ u}[ds]: { {f V) + 5 @ (¥, Vo) o |2 ds
t

+ [0+ D) - (R )~ Fof @)} n(a)}]| e
(4.3)

The recursive expected utility representation (4.3) of U is analytically intractable.
Exploiting the notion of ordinally equivalent utility” Duffie and Epstein [18], intro-
duce the notion of a normalizable SDU.

Definition 7. A utility U : LY — R is a normalizable SDU if and only if there
exists an ordinally equivalent utility U that is characterized by an aggregator (f, q)
such that U(c) = Y} for every ¢ € LY where Y is a unique solution in L of the
recursive equation:

Y; = { T}(cg, Y,)d } vt € T. (4.4)

The functions (f,q) (or the function f) and the process Y are called the nor-
malized aggregator and the continuation utility process, respectively. The class of
normalizable SDUs depends on the filtration I, so let it be denoted by Usp(TF).
It is shown by Duffie and Epstein [18] that any SDU for diffusion information is
normalized. However, it is not true that any SDU for jump-diffusion information is
normalized. The following proposition presents a necessary and sufficient condition
for an SDU for jump-diffusion information to be normalized.

Proposition 1. Let F = FW¥. Let U be an SDU for jump-diffusion information

characterized by an aggregator (f,q). Then U € Usp(FWV¥) if and only if U satisfies
x
(o) = e [ vl an Y(z,y) € B2 (45)
y

for some continuous function ¢ : R — R.

Let L{ggy denote the class of SDUs for jump-diffusion information satisfying
the condition (4.5), and call it the class of normalizable SDUs for jump-diffusion
information.

TWe say that a utility U : L® — R is an ordinally equivalent utility to a utility U: LY - R
if and only if there exists a strictly increasing and continuous function ¢ : R — R with ¢(0) =0

such that U = ¢ o U.
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Remark 3. The class of normalizable SDUs for jump-diffusion information is a
subclass of SDUs for jump-diffusion information, but still includes the class of
SDUs, each of which is characterized by an ezpected utility certainty equivalent (for
definition, see Duffie and Epstein [18]). This class of SDUs includes the Kreps-
Porteus utility and the Uzawa utility as well as the standard TAU.

Proof. Suppose that a utility U : LY — R is characterized by an unnormalized
aggregator (f,q) such that U(c) = Yy for every ¢ € LY where Y is a unique
square-integrable process satisfying the SDDE (4.1).

Step 1 — U is normalized if and only if there exists a continuous function v :
R — R satisfying (4.5): Let ¢ : R — R be a strictly increasing and C2?-function
with »(0) = 0 and let Y; = ¢(Y;) for every t € T and f(z,9(y)) = ¢'(y)f(z,v).
Applying Ito’s Formula to Y; = (Y yields

av, :Mfdtw'(z)af-th+/Z{<p((1+mf_( )Y, )Y {w(dixdz)—A(dz) dt }

(4.6)
for every t € T where

i = Ol =% [ ml G nian) |+ 50" T o7 1P
+ [ {1+ ml @) = e} nida). - (@7)
Substituting (4.2) and ¢’ (Y;) f(ct, Yz) = f(ct, Yz) into (4.7) yields
bl = = (e V) = 5 &/ () @ (V. ¥ o] |
—/ (5 [ {a((1+ mf ()i ¥0) — a(F, 50 - Fam] ()}l
3@ Tl 12+ [ {1+ ml G)T) = olF) = ¢! (T)Famd (2)) M)
=~ flenY) - 5 L L (V) qu (Y, V) — ¢ (V) o |2

- / [/ ({1 +m ()%, ¥2) = a(Ve, )} = {1+ mi (2))T2) = 9(¥)}| Ae(d2).

(4.8)

Thus, U is normalized if and only if the set of conditions hold:
¢"(y) = au(y,y) ' (), (4.9)
o(x) = o(y) = ¢ (Wia(x.y) - aly,y)} (4.10)

for every (z,y) € R%2. However, twice partially differentiating both sides of (4.10)
with respect to = and substituting x = y yields (4.9). Hence, U is normalized if
and only if the condition (4.10) holds. Considering ¢1(y,y) = 1 for every y € R,
the condition (4.10) is equivalent to

¢' () = ¢'(v)a (z,y) v(z,y) € R% (4.11)
Taking log of both sides of (4.11) and partially differentiating with respect to =, we

have ") (e.9)
P\ qu(z,y 2
= = V(z,y) € R 4.12
S ay) ) -
Conversely, (4.11) follows from (4.12) and ¢ (y,y) = 1. Thus, the condition (4.12)
is equivalent to the condition (4.11). It is straightforward to see that the con-

dition (4.12) holds if and only if there exists a continuous function ¢ : R — R




satisfying the condition (4.5). Then a function ¢ satisfying (4.12) is given by

o(z) = /Ox exp [/0902 (1) dxl} dxs Vz € R. (4.13)

Step 2 — Usp(FVV) D I/{gg”: Let U € L{g}g’” be characterized by an unnormalized
aggregator (f,q). It then immediately follows from Stepl that U € Usp (FVV).

Step 8 — Usp(FVV) C Ugg": Let U € Usp(F™*) be characterized by an ag-
gregator (f,q). Assume w.lo.g. that (f, ) is an unnormalized aggregator. Then
it follows from Step 1 that there exists a continuous function ¢ : R — R satisfy-
ing (4.5), and therefore U € UL O

For the existence and uniqueness of the solution Y € L of the recursive equa-
tion (4.4) for every ¢ € LY in Definition 7, a sufficient conditions is shown by Duffie
and Epstein [18].

Proposition 2. Let f: Ry xR — R be a Borel measurable function. Suppose that
f satisfies the following conditions:

(1) A growth condition in consumption: There exist constants ko and ki such
that for every x € Ry, it follows that |f(x,0)| < ko + k1|c||-

(2) A wuniform Lipschitz condition in utility: There exists a constant k such
that for every x € Ry and every (y1,y2) € R2, it follows that |f(z,y1) —
f(@,y2)| < Ellyr — v2l|-

Then, for every ¢ € LS°, there ewists a unique solution Y in L of the recursive
equation (4.4).

Proof. See Appendix A in Duffie and Epstein [18]. O

4.2. Existence of Equilibria. It is postulated that every agent’s utility is a nor-
malizable SDU for jump-diffusion information.

Assumption 1. For every i € I, U’ € Ugg” is characterized by a normalized
aggregator (f*,m*) where f* satisfies the growth condition in consumption and the
uniform Lipschitz condition in utility.

The following assumption is introduced to ensure the existence of equilibria.
Assumption 2. (1) For every i € 1, it follows that:
(i) For everyy € R, fi(-,y) is strictly increasing.
(ii) The aggregator f' is continuously differentiable on the interior of its
domain.

(iii) The aggregator f* is concave.
(iv) For every x >0, sup,cg fi(x,y) < oo.
(v) The aggregator f' satisfies limy o infyer fi(x,y) = oo.

(2) The aggregate endowment is bounded away from zero ji-a.e.

Remark 4. Consider a standard TAU of the form
Tt
Ulc)=F [/ e u(ey) ds].
0
Then it follows from Ito’s Formula that U can be interpreted as an SDU of the form
Tt
Y, = F, [/ (u(cs) - st) ds} VteT.
t

It is straightforward to see that the condition 2(1)(v) is equivalent to the Inada
condition in the case of TAU.



Under Assumptions 1 and 2, Duffie, Geoffard, and Skiadas [19] prove the exis-
tence of Arrow-Debreu equilibria exploiting the Negishi approach (Negishi [42]) and
the results given by Duffie and Epstein [18], Duffie and Zame [22], and Mas-Collel
and Zame [39].

Propositipn 3. Under Assumptions 1 and 2, there exists an Arrow-Debreu equi-
librium ((&")ie1, m) for E. The equilibrium state price m satisfies

t
m=avesp ([ e v s) £l ) it
0

for some & € A{Hr, Moreover, the allocation (¢');c1 is Pareto optimal.

Proof. See Duffie, Geoffard, and Skiadas [19]. O

The following theorem is finally obtained by combining Proposition 3 with The-
orem 1.

Theorem 2. Let F = F""¥. Under Assumptions 1 and 2, for every B € B, there
exists an ASM equilibrium ((¢");e1,p, B) for E. In particular, if the mark set Z is
finite, then ((¢%);e1,p, B) is a security market equilibrium for E. The equilibrium
commodity price p satisfies

. B " i gni v iy
p= g ([ e vias) ey it
t 0

for some & € Aﬂ__,r. Moreover, the allocation (¢');c1 is Pareto optimal.

5. EXISTENCE, UNIQUENESS, AND FINITENESS
OF EQUILIBRIA IN CASE OF TAUS

In this section, sufficient conditions for the existence, uniqueness, and local
uniqueness (or determinacy) of Arrow-Debreu equilibria in the case of TAUs (Time
Additive Utilities) are shown. For the purpose, the results of Dana [13] [14] for
a static economy are extended to our continuous-time economy. Her proof, which
exploits the Negishi approach, are summarized in the following: (1) An Arrow-
Debreu equilibrium can be identified with a representative agent equilibrium: (2)
There exists a representative agent equilibrium under a regularity condition; (3)
If every agent’s relative risk aversion coefficient is less than or equal to one, then
the representative agent equilibrium is unique; (4) If every agent’s risk tolerance
coeflicient satisfies an integrability condition and every agent’s endowment process
is bounded away from zero, then the set of equilibria is generically finite.

It is assumed that every agent’s utility is a TAU with the nice properties given
below.

Assumption 3. For every agent i € 1, the utility U® is a TAU of the form

Ui(c) = E[ /0 T;i(t,cg‘)dt]

where the von Neumann-Morgenstern (VNM, hereafter) utility function u® : T x
Ry — RU{—o0} is CY2? on R, and such that u'(t, -) is strictly increasing and
strictly concave on Ry for everyt € T.
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5.1. Equivalence of Arrow-Debreu and Representative Agent Equilibria.
1. . . . . . I
The aggregate utility is introduced to exploit the Negishi approach. Let a € A%
where Al = {a € RY | 3,y a; = 1}, and define the aggregate utility U* : L — R
by
U% ) = max ZaiUi(ci) s.t. Zc <ec.

1,02 ... oI ) 2
(ct,e?, e )Enq,el L+ icl icl

We also define a demand function ¢* : T x Ry X ]Rﬁ_ — ]Rﬁ_ by

(C? (tv z, a))’iEI = argmaxy gz, g, .. ,zI)E]Ri D ierwilw} Z a’iuz(tﬂ (Ei).
i€l
The following lemma shows that the aggregate utility U* has the expected utility
representation, and the properties of the VNM aggregate utility function and the
demand function.

Lemma 1. Under Assumption 3, the aggregate utility U* is a TAU of the form

U“(c):E[/OT;(t,ct,a)dt} where u(t,z,0) = 3 o (t, (2, 0). (5.1)

i€l
Moreover, u and (c});e1 satisfy the following conditions.

(1) (i) The function u is a real-valued C*O-function on T x Ry x RL such
that u(t, -, «) is strictly increasing and strictly concave on Ry for
every (t,a) € T x RL.

(ii) Leti € L. For every (t,z,a) € T xRy xRL satisfying ¢} (t,z,o) > 0,
the first partial derivative of u with respect to x denoted by u.(t, x, @)
satisfies

uc(t, T, o) = aiui(ﬂﬁ(ﬁ%@) (5.2)

(2) Letiel.
(i) The function ¢} is continuous on T x Ry x R .
(ii) For every (t,x) € T x Ryy, the function ¢} (t,x, -) is homogeneous
of degree zero.
(iii) For every (t,a) € T x R, ¢f(t,0,a) = 0.
(3) (i) The functions ue and c} for every i € I are differentiable off the set
D of Lebesgue measure zero:

D={(t,z,a) € TxRyy xR, : u.(t,z,a) = ayul(t, c}(t,0,a)) for some i€ 1}.

(ii) For every t € T, the functions uc(t, -, -) and c(t, -, -) for every
i €1 are Lipschitz continuous on compact subsets of Ry x ]Rfr..

(i) Let (t,z,a) € D°. Assume that ¢ (t,z,a) > 0 for every i € I. Then
it follows that for everyi,j € 1,

e+ ul(t, c; (t,z, )
Ltz 5.3
50, ) T At e
where
n(t,r, o) = :

icl a’buéc(ta C: (tv z, a)) .

Proof. Proofs of (1) and (2) are easy. For proofs of (3)(i)(ii), see the proof of
Proposition 2.3 in Dana [13]. (3)(iii) is obtained by differentiating the first order
condition

alui(t,cf(t,x,a)) = aau’ (t Atz a)) = = aju, (t ci(t,z,a))

and the relation ), ; ¢j (t,r,a) = x with respect to a. O
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The notion of a representative agent equilibrium & € Afr for E is introduced,
which is characterized by the Pareto optimal allocation (¢ (¢, &, &)) without transfer
payments under the supporting state price u.(s, s, &).

Definition 8. A utility weight & € A{H constitutes a representative agent equilib-
rium for E if and only if & is a solution of the equation £(&) = 0 where £ : RY | — Rf
is the excess utility function defined by

:
1 r :
&ila) = —E[/ uc(s, s, a)(c (s, Es,) — Cy) ds Vi el
o 0
One can show that a representative agent equilibrium for E can be identified
with an Arrow-Debreu equilibrium for E. To do so, the following lemma is used.

Lemma 2. Under Assumption 3, for any Pareto optimal allocation (c');c1 for E,
there exists a solution & € A{H of the equation:

c*(t, e (w), @) = (ci(w))ier L-a.e.
Proof. See Huang [25]. O

Proposition 4. Under Assumption 3, it follows that:
(1) Let & be a representative agent equilibrium for E. Define ((¢')ie1,m) by
(6 (w))ier = c*(t, e (w), &) and mp = uc(t, e (w), &) for every (w,t) € @ x T.
Then ((¢")ic1, ™) is an Arrow-Debreu equilibrium for E.
(2) Conwversely, let ((¢')ie1, ™) be an Arrow-Debreu equilibrium for E. Define
& € AL by a solution of the equation c*(t,é,(w), &) = é(w) p-a.e. Then
& is a representative agent equilibrium for E.

Proof. See Appendix D. O

Now our task is reduced to show sufficient conditions for the existence, unique-
ness, and local uniqueness of representative agent equilibria.

5.2. Existence of Representative Agent Equilibria. To prove the existence
of representative agent equilibria, the following assumption is imposed on the ag-
gregate endowment.

Assumption 4. The aggregate endowment is bounded away from zero, i.e. there
exists a positive constant § such that ¢ (w) > d u-a.e.

Note that this assumption implies that u.(t,¢;(w), a) € LS because

ue(t,c(w), ) < max  wu.(t, 9, ) U-a.e.,
(t,a)eTx AL
and wu.(-,d, -) is continuous on T X Afr. Then the excess utility function has
the following desired properties for proving the existence of representative agent
equilibria.

Lemma 3. Under Assumptions 8 and 4, it follows that:

(1) The excess utility function £ is homogeneous of degree zero, and satisfies
a-&(a) =0 for every a € RL, and bounded above on R

(2) The excess utility function & is continuous on RL , , and & (o) — —oco when-
ever a; — 0 for some i € 1.

Proof. Note that there exists a positive constant & such that ¢ (w) < § p-a.e. be-
cause ¢ € LY

Step 1 — (1): It is obvious that £ is homogeneous of degree zero, and satisfies
a-&(a) = 0 for every a € Rﬁ_. Therefore, it is proven that £ is bounded above
on RY. Let i € T and o € A be such that af = 0. It is sufficient to show that
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&i(a) is bounded above as « € Afr tends to a®. First, it follows from the Lipschitz
continuity of ¢} (t, -, -) and ¢} (¢, ¢ (w),a’) = 0 that there exists a K such that

Cf (ta Et(w)v a) < ItI}:_E'lI}‘( C: (tv 5; a) < K”a - QOH p-a.e.

Thus, it follows that
L ¢ *(t. ¢ _g M /
Uc (ta Ct (w)v a){ci (ta Ct (w)v a) Ct (w)} < K max {uc(tv éa «@ )} p-a.e.
o 7} (t,a’)eTxAL
The right-hand side of the above equation converges to K MaX(; 0)eTx Al {ue(t, 8,0 )}

as a tends to a¥. Therefore, it follows from Lebesgue Dominated Convergence The-
orem that £(a) is bounded above as « tends to a°.

Step 2 — (2) Continuity on R{H_: It is enough to present the continuity of £ on a
compact subset S of Rﬁ_ 4 bounded away from the boundary. Since £ is homogeneous
of degree zero on «, it follows that for every i € I,

e o) )it ule). o) — el )]

Sl g )}
7 j€ J je J

I _
< 7\/_ o max  {u.(t,0,a')}d p-a.e.
o  (t,o)eTxAL

Thus, the continuity of £ on S follows from Lebesgue Dominated Convergence
Theorem.

Step 3 — (2) Boundary condition: Let i € I and a® € AL be such that o? = 0.
It suffices to show that & (a) tends to —oo as o € Al tends to a”. Note that there
exists A € P such that u(A) > 0 and & (w) > 0 for every (w,t) € A since every
agent’s endowment process is assumed to be nonzero. Then it follows that

1 T 1 .
6@ <2 | [ ulselw)a)csona) ds] - o [ el el ) )  ds)
i 0 i JA
< ||Oé_ioéoHKTT max  {u.(t,d,a')} — L {ue(t, 0, 0/)}/ ¢ (w) pldw x ds),
- a; (t.a")ETXAL = Qi (t,a')ETXAL A
which tends to —oo as « tends to a®. O

5.3. Uniqueness of Representative Agent Equilibria. To prove uniqueness
of equilibria, the following two assumptions are imposed.

Assumption 5. (1) For every i € 1, the agent i’s relative risk aversion coef-
ficient satisfies
; det  zul(t, )
(tyx) = ————=<1 V(t,x) € T x Ry
7(; ) ’U,zc(f,,l‘) = (a ) +
(2) Either of the following two conditions is satisfied:
i) Fvery agent’s endowment is positive j-a.e., i.e. &
Yy ag H
every i € 1.
(ii) Ewvery agent’s utility satisfies the Inada condition, i.e. lim, o u' (¢, z) =
oo for every i € 1.

> 0 p-a.e. for

Then it is shown that the excess utility function is strongly gross substitute.

Lemma 4. Under Assumptions 3-5, £ is strongly gross substitute, i.e.:
(1) For every (i,j) such that i # j, & (o, -+, 051, -, 041, , Q1) is non-
increasing and for every i, & (aq, -+ ,ai—1, +, Qig1, -+, aq) s non-decreasing.
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(2) If ci(t, e (w),a) > 0 on some A € P with u(A) > 0, then for every j # i,

&i(ar, -+ ,aj-1, -, i1, ,aq) is strictly decreasing on a neighborhood of
Q.
Proof. See the proof of Theorem 3.1 in Dana [13]. O

5.4. Local Uniqueness of Representative Agent Equilibria. Unfortunately,
there is no strong evidence which supports Assumption 5. Therefore, it is shown
that under more reasonable assumptions, the local uniqueness of equilibria, or
equivalently the finiteness of the set of equilibria, is a generic property of our
economies using the Negishi approach given by Dana [13] for static economies.

The space of economies is parameterized by keeping agents’ common subjective
probability and information structure (Q, F, FW-¥, P), utilities (U?);c1, and the ag-
gregate endowment ¢ fixed, and varying the distribution of individual endowments.
The following assumptions are imposed on utilities and endowments.

Assumption 6. For every i € I, the von Neumann-Morgenstern utility function
satisfies ‘

ué(tv :L') 3 i

——=—1 = < fBlz+ G V(t,xz) € T xR
TR R () "
j 2

for some 3" € R%.
Assumption 7. There exists § € Rﬂ_+ such that & > &; p-a.e. on T x Q for every
1€ L

The following space of economies is introduced in which each economy is char-
acterized by the distribution of individual endowments.

55 = {E = ((Qv}—a FWJ/?P)? (Uiaéi)iel)‘

(@)ier € I_ILOO7 Zéi = ¢, and (¢);er satisfies Assumption 7 for 5}
i€l i€l
A function ¢ : Afr x & — R is defined by
Tt

&i(o,E) = iE[/ Ue(s, Es, ) (cf (5, E,00) — ) ds] Viel
0

Q;

The continuity of f follows from Dominated Convergence Theorem. The differen-
tiability of & with respect to « and the continuity of the derivative can also be
shown.

Lemma 5. Under Assumptions 3, 4, 6, and 7, f is differentiable with respect to «
on AEFJF and its derivative is continuous on AfrJr x Es.

Proof. See Appendix E O

Since ;¢ &i(o, E) = 0 for every a € AL, it follows that rank D, &(a, E) <
I — 1. Tt is said that the economy E is regular if and only if é(éc, E) = 0 implies
rank Daé(a,E) = 1 — 1. Let Rs denote the set of all regular economies in Rj.
It is well known that that any regular economy can only have a finite number of
equilibria (see Proposition 17.D.1 in Mas-Collel, Whinston, and Green [38]). Thus,
to see that the number of equilibria is generically finite, it is enough to show that
the set of regular economies Rs is open and dense in &. In order to do so, a
correspondence {a}(E) : & — Al is defined by

{a}(B) ={ae Al : {(a.E) =0},

Then the following lemma is shown.



14

Lemma 6. Under Assumptions 3, 4, 6, and 7, it follows that:

(1) The correspondence {&} is u.h.c., and for every E € &, {&}(E) is compact.
(2) If E is reqular then {&}(E) is finite.

Proof. Proof of (1) immediately follows from the continuity of £. Let E be a regular
economy. Suppose {&}(E) is infinite. Then since {&}(E) is compact, it has an
accumulation point & € {&}(E). This implies that & is not locally unique. This is
a contradiction. ]

5.5. Existence, Uniqueness, and Local Uniqueness of Equilibria. Now the
existence, uniqueness, and local uniqueness of ASM equilibria can be proven.

Theorem 3. Under Assumptions 3 and 4, it follows that for every B € B:

(1) There exists an ASM equilibrium ((&Y)ie1,p, B) for E. In particular, if the
mark set 7 is finite, then ((¢');e1,p,B) is a security market equilibrium
for E. The equilibrium ((¢");c1,p, B) is characterized by the corresponding
representative agent equilibrium & for E, i.e. ((¢')ie1,p) satisfies

(éi (w))iel =c" (tv Ct (w)a 6‘)7

(o) = Tt a(e). )

for almost every (w,t) € Q x T. Moreover, the allocation (é');cx is Pareto
optimal.

(2) If Assumption 5 is satisfied, then the ASM equilibrium is unique.

(3) If Assumptions 6 and 7 are satisfied, then the set of regular economies R
is open and dense in Es.

Proof. Step 1 — FExistence: It follows from Lemma 3 and Kakutani’s Fixed Point
Theorem that there exists an & € Al such that (&) = 0, i.e. there exists a rep-
resentative agent equilibrium & for E (for the proof, see pp. 585-587 in Mas-Collel,
Whinston, and Green [38]). Define (¢');c1 and p by (¢i(w))ier = ¢* (¢, & (w), &) and
pi(w) = (AB (W) uc(t, & (w), @) for every (w,t) € Q x T, respectively. Then by
Proposition 4(1) and Theorem 1(1), ((é%);e1,p, B) is an ASM equilibrium for E,
and (¢%);e1 is a Pareto optimal allocation. Suppose that the mark set Z is finite.
It then follows from Theorem 1(2) that ((¢%);c1, p, B) constitutes a security market
equilibrium for E.

Step 2 — Uniqueness: By Theorem 1 and Proposition 4, it is sufficient to show
that the representative agent equilibrium is unique. The proof of Dana [13] is used.
Assume that there exist two non-collinear solutions for {(a) = 0 and let them be
& and ¢&. Since E is homogeneous of degree zero by Lemma 3, let w.l.o.g. & < &
with &; = &; for some i € I. As & is a solution for (o) = 0, ¢} (¢, & (w),d&) # 0
for every j. Therefore, §; is strictly increasing at &. Let & < a < &. Then
0=2¢&(&) < &(a) < &(a) =0, which is a contradiction.

Step 3 — Local Uniqueness: See Appendix F.

APPENDIX A. MARKED POINT PROCESS

A double sequence (S, Zn)nen is considered, where s,, is the occurrence time of
an nth jump and Z, is a random variable taking its values on a measurable space
(Z, Z) at time s,,. Define a random counting measure v(dt x dz) by

0 t X A Z 1{9"<t Z, €A} V(t,A) S [O,TT] X Z.
neN
This counting measure v(dt x dz) is called the Z-marked point process.
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Let X\ be such that

(1) For every (w,t) € Q x (0,T1], the set function A;(w, -) is a finite Borel
measure on Z.
(2) For every A € Z, the process A\(A) is P-measurable and satisfies A\(4) € L.

The marked point process v(dt x dz) is said to have the P-intensity kernel \;(dz)
if and only if the following equation

Tt Tt
E [ Y, v(ds x A)] =F { YA (A) ds} VAe Z
0 0

holds for any nonnegative P-measurable process Y, then it is said that the marked
point process v(dt x dz) has the P-intensity kernel \i(dz).

Let v(dt x dz) be a Z-marked point process with the P-intensity kernel \;(dz).
Let H be a P ® Z-measurable function. It follows that:

(1) If the following integrability condition

E UOTT |Hs(z)|)\s(z)ds} < 50

holds, then the process fo Jy Hs(z){v(dsxdz)— /\ (dz)ds } is a P-martingale.

(2) If H € LY (\(dz) xdt), then the process fo Sy Hs(2){v(dsxdz)—Xs(dz) ds }
is a local P-martingale.

Proof. See p. 235 in Brémaud [11]. O

APPENDIX B. ITO’S FORMULA

Let X = (X!, ..., X%} be a d-dimensional semimartingale, and g be a real-valued
C? function on R%. Then g(X) is a semimartingale of the form

d t 8 . 4
000 = o000+ 3 [ gyt 33 [Py a0

11]1

i 4
DI TCIEVEREDS a@g(Xs_)AX;}

0<s<t

where X is the continuous part of X and (X, X7¢) is the quadratic covariation
of X and X7°.
APPENDIX C. GIRSANOV'S THEOREM
(1) Let v € H?Zl L£? and H € LY (M\(dz) x dt). Define a process A by
dA
A—t = —v - dW; — / Hy(2) {v(dt x dz) — M\ (dz)dt} Vvt e[0,TT)
t— z

with A9 = 1, and suppose E [Api] = 1. Then there exists a probability
measure P on (Q, F,F) given by the Radon-Nikodym derivative

dP = Api dP

such that: ~
(i) The measure P is equivalent to P.
(ii) The process given by

t
Wt:Wt+/1}Sd8 VieT
0

is a P-Wiener process.



16

(iii) The marked point process v(dt x dz) has the P-intensity kernel such
that

Ai(dz) = (1 — Hy(2))M\i(dz)  ¥(t,2) € T x Z.

(2) Every probability measure equivalent to P has the structure above.

APPENDIX D. PROOF OF PROPOSITION 4

Proofof (1). Let & be a representative agent equilibrium for E. Define ((¢%);c1, 7)
by (64(w))ier = c*(t, & (w), &) and m; = u.(t, & (w), &) for every (w,t) € QxT. Then
& e LS for every i € I and 7 € L. It also follows that ),y ¢ = ¢ by definition
of ¢* and that ¢ satisfies the necessary and sufficient condition for every agent’s
optimality u’(t,él) = &%m for every i € L.

Proof of (2). Let ((¢%);e1,7) be an Arrow-Debreu equilibrium for E. Since (u%);e1
are strictly increasing by Assumption 3, the allocation (¢%);c1 is Pareto optimal by
First Welfare Theorem (see Mas-Collel and Zame [39]). Then by Lemma 2, there
exists @ € AL such that

c(t, e (w),d) = (64(w))ier p-a.e. (D.1)

Combining (5.2) with (D.1) yields
ue(t, G (w), &) = &ul(t, él(w)) p-a.e. (D.2)
for every ¢ € I. In the meantime, the optimality of consumption plans implies that
there exists a rescaled Lagrange multiplier &~ € {a € Ry [ D],y al, = 1} such

that for every i € I and
ul(t,él) = a; my p-a.e. (D.3)
Comparing (D.2) with (D.3) yields wu.(t, & (w), &) = m¢(w), which implies £(&) = 0.

APPENDIX E. PROOF OF LEMMA 5

The proof of Dana [13] is exploited. Let S be a compact subset of Al bounded

away from the boundary. It suffices to prove the differentiability of é with respect
to « on S. Define a function (: T x Ry x § — R! by

1 * = i
Ci(t, e, a) = ;uc(t, C, o) (cf (t, 6, ) — &)
3

Partially differentiating ¢ with respect to «; yields

e (t:0,0) = G (e o) ule ) ) = ) +ullci)). (E)
In the meantime, it follows from (5.3) that
0L (1, 0y 0) o (1, 5) < (1, €3) = ——ue(t, 1, 1), (£.2)
Oaj o; J ;0
It follows from (E.1),(E.2), and Assumptions 6 and 7 that
)| < o ma (e @) NG 2B (B3

Thus, by Lebesgue Dominated Convergence Theorem, é is differentiable with re-
spect to a on S, and its derivative is

0%, ™ der

8()&]'

8()&]'

(,E)=F { —(s,Cs, ) {uic(s, c;(s,¢s,a)(c (s, Cs, a)—éi)—i—ui(t, c; (s, Csy a)} ds].
0



17

9F: | are bounded independently of (a, E) on S. Therefore, gs is
J

ET
continuous on A{H_ x Es.

Since ¢ is fixed,

APPENDIX F. PROOF OF THEOREM 3(3)

The proof of Dana [13] is extended. First, the openness of Rs is shown. Let Eg €
Rs. Then for any o € 67 such that é(ao,Eo) = 0, and that rank Daé(aO,EO) =
I —1. Since {a}(E) is compact and D¢ is continuous, there exists neighborhoods
V C & of Eg and V C AL of o such that Do(o, E) = I —1 for every (o, E) €
V x V. Since {a} is wh.c., there exists V' C V such that {&}(V’) € V. Thus, if
E € V', then the rank D,&(ag, Eo) = I — 1 for every o € {a}(E). Therefore,
V' C Rs and Ry is open in &. Next, the denseness of Rs is proven. Let E €
Es. Let ¢ > 0 such that ¢ — ¢ > §; p-a.e. for every i € {1,2,---,1 —1}. Let
(X{)ieq1,2,..-,1—13 such that max{||X;|y>, [|[Xi[lL=} < e Vi € {1,2,---,1 — 1}.
Let A= {(ai)icf1,2,-.,1-1} € RI-1:0<a; <1 Vie{l1,2,---,I—1}}. Define a
function h : AT x A = R! by

Tt
hi(a,a) = E{/ ue(s, Cs, ) (¢} (5, Cs, @) — E — a; X5, ds] Vie{l,2,---, I—1},
0
and
Tt I-1
hi(a,a) = E{/ ue(s, Cs, )(C} (s, s, ) — €L+ Zains) ds].
0 i=1

One can easily check that rank D,g(o,a) = I — 1. By Transversality Theorem,
there exists a € A such that 0 is a regular value of h( - a) that is 0 is a regular value
of the economy in &, (¢* +a1 X§,%+as X5, -, ¢ "t +ar1 X5 ,,¢l — 211:—11 a; X§),
arbitrarily close to E, since € can be chosen arbitrarily close to zero.
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