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Abstract

In this paper, we will investigate an existence problem of a general equilibrium of perfectly com-
petitive Fisher markets in a linear exchange model with an infinite dimensional commodity space.
We will indicate that finite dimensional approximation method in functional analysis guarantees

the existence result in our settings.
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1 Introduction

In this paper, we will investigate an existence problem of a general equilibrium of perfectly competitive
Fisher markets in a linear exchange model with an infinite dimensional commodity space.

Recently, Fisher markets model in general equilibrium analysis have been researched intensively in
connection with computation of general equilibria*!', and related to the the computaional aspect, Fisher
markets model is usually constructed as a linear exchange model or a piecewise-linear exchange model*?*3.
As with the positive and normative issue of economics, the existence of market equilibrium is an essential
problem for the computation of equilibrium. Therefore, in the analysis of Fisher markets, the existence
problem has been researched carefully and deeply. Our main concern in this paper is the extension of
such existence issue to the infinite dimensional settings*?.

Construction of Fisher markets model is the followings: There are (possibly, infinitely) many mar-
kets in an economy, which are assumed to be complete, and finitely many consumers and finitely many
suppliers or merchants participate in the trades in each markets. Spending his/her wealth or income,
each consumer purchases commodities in order to maximize his/her preference, and determines his/her

demand schedule. On the other hand, suppliers’ or merchant’s supply schedule have been already deter-

*1 For the very extensive details which include computaional aspects of Fisher markets model, see [15].

*2 For the linear exchange model, see [11],[13],[15], and for the piecewise-linear exchange model, see [12], [15]
*3 In the research area of Fisher markets model, linearlity is a crucial analityc tool.

*4 Computational aspect in infinite dimensional settings is in itself very interesting issue.



mined before participating in the markets. Therefore, decision makers in Fisher markets are consumers
only, and Fisher markets equilibrium is a pair of equilibrium price and equiribrium allocation which
consists of equiribrium demand schedules, where equilibrium total demand schedule is basically equal to
the total supply schedule. Fisher markets model in a linear exchange model or a piecewise-linear model is
characterized by the linearlity or piecewise-linearlity of some kinds of economic primitives, in paticular,
consumer’s preference or utility*®. In this paper, we will treat a linear exchange model.

In infinite dimensional setting in our Fisher markets model, our commodity space is £° and our price
space is ba*6. For the detail, see next chapter. A commodity space £ is known to be suitable for
the analysis of dynamic economy or/and the analysis of uncertainty in an economy. In the following

chapters, we will introduce our model and establish the existence result.

2 Fisher markets model in a linear exchange economy with an infinite

dimensional commodity space

(5,3, ) is a complete o —finite measure space, where X is a o-algebra on S and p is a complete o-finite
positive measure on ¥. Let £ be a set of all real valued essentially bounded measurable functions*” on
(S, 3, i), which is equipped with a sup-norm || || *8. The norm dual of the Banach space (£, ||-||o) is
a set of all bounded additive measures on the measurable space (.9, ) absolutely continuous with respect
to p, which is denoted by ba. Then, the bilinear form of the dual pair (£>ba) is defined by / xdr for
any ™ € ba and x € L, which is denoted by (7|z). A commodity space in our Fisher markets is £
and a price space in our Fisher markets is ba. Then, the value form of a commodity x € £ under the
given price 7 € ba is naturally defined by (7|x).

The topology of a commodity space £ is the Mackey topology 7(£%,L1)* where L is a set of all
integrable functions on (5,3, 1)*1%. The bilinear form of the dual pair <£°°,£1> is defined by /a-x du

for z € £ and « € £!, which will be denoted by {a|z)*!1. On the other hand, the topology of a price
space ba is induced by the bounded variation norm || - |[pq*12*13.

Throughout this paper, Fisher markets are assumed to be perfectly competitive and complere ones.

*5 In the former, his/her preference or utility is assumed to be linear. In the latter, his/her utility is assumed to be
piecewise-linear.

*6 For general equilibrium theory with infinite dimensional commodity space, see [3],[16]. We owe to the result of [3]
particularly.

*7 A measurable function f is called essentially bounded if there exists ¢ € R such that |f(s)| < c for a.e. s € S.

*8 1| ||oo is defined by ||f||cc = sup{|f(z)| : a.e.x € S} for any f € £>°. Under this norm, £> becomes a complete
normed space, in other words, a Banach space.

*9 The Mackey topology 7(£%,£') has a natural interpretation from the viewpoint of the consumer’s preference. That
is ”myopic preference” [3].

*10 £1 is a Banach space under the norm || - ||1, which is defined by ||f||1 = /|J:| du for any f € £1.

*11 The Mackey topology 7(L£>°,£!) is the strongest toplogy of £°° under which the linear functional (a,-) : £° — R
is continuous for any a € £1.

*12 ba is a Banach space under the norm || - ||pq-

*13 |- ||pa is defined by ||7||pq = Sl;p{z |m(Ag)| : A € 8} for any 7w € ba, where ¢ is a finite subset of ¥ whose elements

are mutually disjoint.



Pratically, an economy € consists of a set of economic primitives, {(X;, =i, mi, (NI ek, iers (Sj)jer }:

o I ={1,---,4,--- ,m}, m < 00, is an index set of consumers,
— (Xi, iy s (-/V;ki)kielci)iel is a set of consumer 7’s characteristics,
* X; C LY is a consumption set of 4, where £° is a positive cone of £ 14,
x 7;C X; x X; is a rational preference relation of consumer 4,
* m;, m; > 0, is an income of consumer 7,
% (Mg, )k;ex; is a family of napsack constraint functionals of consumer i,
Ky =A{1,- ki K} K < 00, is an index set of i’s napsack constraint function-
als,
- napsack constraint functional N, : X; — R represents some kind of additional
indivisually specific constraint of consumer ¢ in the decision making under his/her

market budget constraint*'®,

o J={1,---,4,---,n}, n < oo, is an index set of suppliers or merchants,

— 8§ € LT is a given supply schedule of supplier or merchant j.

In the following, we will require several kinds of linearity assumptions for economic primitives. In

Fisher markets, consumer i’s budget constraint under given price 7 € ba is

BF (m)={z e X;: (m|lx) Emi A N, (2) L0 foranyk; € K;}.

i
Assumption 1. (linearity of napsack constraint*'®) : For any k; € K;, there exist unique % € L' and
a constant M* € Ry such that Ky, (z) = (7% |z) — M.
Under Assumptionl, restatement of consumer i’s budget constraint under given price 7 € ba is
Bf (n) ={z € Xi: (n|x) < my, A (x¥|z) < M¥ foranyk; € K;}
={z e X;: (n|lz) Sm;}n{ze L (n"|x) < M" foranyk; € K;}

={zeX;: (nlz) Smi}n () {weL>: (ah|z) £ M*}
ki€C;

In the following, we will denote {z € X; : (w|z) < my}, {z € L£> : (xV
Ki}and {x € £ : (7%

Consumer i chooses the maximal element for his/her preference relation 7-; under his/her budget

z) < MK foranyk; €

x) < M*¥} by Bi(n), Z;, and Ej, respectively.

constraint B (7). Thus, consumer i’s decision making under Fisher markets is represented by his/her

demand relation under given price 7 € ba
DF(n)={z e BF (n) : (z,2) €z foranyz e BF (n)}.

Then, we will make the following asuumption for i’s preference relation.

*14 A natural ordering of LP, where p = 1, or oo is defuned by: = >y <= z(s) = y(s)a.e.s € S.
*15 For the detail, see [15].
*16 More correctly, affine property of napsack constraint.



Assumption 2. (linear representation of i’s preference relation) : Consumer i’s preference relation ¥;
is represented by a linear utility function U; : X; — R, which is defined by © € X; — U;(z) = (u;]x)

for some unique u; € L.

Let >; be ¢’s strict preference relation defined by 7-;, and ~; be i’s indifference relation defined by ;.

~

Then, note that for any z, y € X;,
(z,y) €=i = Ui(z) > U;(y), and (z,y) €~; == Ui(z) = Ui(y).

Moreover, U; is a concave k-continuous function on X;, where k is a topology on £ which is weaker
than 7(£>,L') and stronger than weak topology o(L£%,L£1)*17.

Under the above economic circumstaces , Fisher markets quasi-equilibrium is defined in the following
way.
Definition 1. (7, (2;)icr) € ba \ {0} x [[ X; is said to be a Fisher markets quasi-equilibrium of an

iel
economy & if it satisfies the following conditions

(i) z; € DF () foranyi € I, (i) le Z‘Sj’ a.e.s€S.

i€l jeJ

A

Additionally, we will assume:
Assumption 3. (i) X; = LY, (ii) S; € L, , where LT, = {f € L : a.e.s € S, f(s) > 0}*18,

Assumption 4. (ezistence of some kinds of desirable directions not binded by napsack constraints) For
any i € I, there exists measurable set Q; € ¥ with pu(€Y;) > 0 such that (x +ax?",x) €= for any x € X;
and a > 0, and such that z + Bxgz’ € E; for any z € E; and B > 0, where X?i is an indicator function

Under these assumptions, our main result is the following theorem.

Theorem 1. There exists a Fisher markets quasi-equilibrium (m, (z;)icr) € ba \ {0} x ] X; under all
iel
Assumptions in the above.

3 Existence result in the finite dimensional truncation of economy &

Let {Fa}aca be a family of all finite dimensional subspaces of £ which include all elements of

(S;)jes and (x)ier 12, and define a subeconomy E7* = {(X7>, =/ m™, (/\/—;?)kielci)ieh (Sf*)je,]}

)~

of economy & for any A € A in the following way.

*17 The weak topology o(£>,L1) is the weakest toplogy of £°° under which the linear functional (a,-) : £ — R is
continuous for any o € £1.

*18 BF (1) # § for any non-zero m € ba under the Assumption 3 (7).

*19 Note that {Fx}aca constitutes a directed set by set inclusion relations. For the details about a directed set (and
related notion of net), see [9].



e For any ¢ € I, Xi]:* = X; N Fy, ii}-*:ii N(Fx x Fa)*20, mf* = m,, ./\/',iA = N, oinc”>, where
inc™ : Fx — L is an inclusion mapping.
e For any j € J, Sjﬂ =S;

Note that any finite dimensional topological vector subspace is homeomorphic to the same dimensional

ki ac> — MPFi for any = € F) is an affine mapping

z) < M*} as a closed

Euclidean space. Also, by Assumption 1, ICkF,? (z) = <7r

on a finite dimensional subspace Fy, and hence, we can regard {z € F) : <7rkl
half space in Fj.

Let F} be a dual space of Fy. Since F) is a finite dimensional topological vector space, F5 coinsides
with ) and the bilinear form on F3 x F) can be regarded as an inner product between them. Abusing
notations, we will denote the bilinear form by (p|z) for any p € Fy and € F\. We can define
Bf* (p), EZB, cdekFiA respectively by {z € X, (plx) < m;}, {z € Fy: <7Tk’|x> < M¥ foranyk; €
K;} and {z € Fy : (w¥|z) < M*}. And, consumer i’s budget constraint B> (p) and his/her demand

relationin D™ (p) in the subeconomy £7* under given price p € F \ {0} is respectively

B (p) = {z € X, : (p|x) £ my, A (mkilz) < M™ foranyk; € K;}
DI Mp) = {zx € B (n): (x,2) €, 57> foranyz € B> ()}.

Y~

In the following arguments, we will restrict a price set to a normalized price set A" = {p € F; :
(p|S) = M A (pld) = 0 foranyd € Fyy}, where S = > Sj and M = Y m; > 01, Clearly, A" is a
jeJ iel
nonempty, convex and compact subset of Fy *22.
Under the above descriptions, Fisher markets quasi-equilibrium of the subeconomy £7* is defined in
the following way, and existing result holds in the subeconomy £7*.
Definition 2. (p, (2;)ic;) € A" x J] Xi]:* s said to be a Fisher markets quasi-equilibrium of the
iel
subeconomy ET> if it satisfies the following conditions
(i) x; € DI (p) foranyi e I, (ii) Zmi < ZSj’ a.e.s€S.
il jeJ
Proposition 1. For a fived F, there exists a Fisher markets quasi-equilibrium (p, (x;)icr) € AT x
I Xif* of subeconomy ET> under all Assumptions in the previous chapter.
i€l
In the followings, based on [6] [7], we will give a proof of the Proposition 1*23. For the purpose, we will
truncate a fixed subeconomy £7* again by a convex nonempty compact cube Cy = {z € Fay : [|7]|oo <

0}, where 6 € R is a constant such that max{ " ||S;||cc, 1} < 6*?*, and we can define a subeconomy
JET

*20 Based on if*, %;F)‘ is defined by >=; N(Fy x Fy), and Nf* is defined by ~; N(Fx X Fa)-

*21 Note that Fy4 = LE N Fy, and that S € int||.||, L by Assumption3 (i7).

*22 For the compactness of A7 it follows from Banach-Alaoglu theorem [17],[18]. See Lemma5 and the related discus-
sion in the later section, too.

*23 D, M. Jalota, et al. have already given a proof of a existing result of a Fisher markets equilibrium with a finite
dimensinal commodity space, which is an Euclidean, in linear exchange model [15]. Our proof is a little bit different
from theirs reflecting the difference of a model-constructions, particurely, topological and normalization settings.

*24 Therefore, Cp includes all the elements of (S;);ecs and (X?i)iej. Note that Hx?lﬂoo =1 for any ¢ € I. Moreover,
X% =Cyn Xi]:’\ = Cp in the below.



ECo = {(XCo, =5 mS, (Nkcf)k,;eic,;)z‘el, (SJC")J-EJ} of E7> in the same way as the definition of £%3*25.

Then, consumer i’s budget constraint B (p) and his/her demand relationin D (p) in the a subeconomy

£C under given price p € A®> is respectively

Bi*(n) = B (p) NG,
Df*(p) = {z € B{* (p) : (z,2) €Z{" foranyz € B’ (p)}.
Definition 3. (p, (z;)icr) € AT x [[ XE is said to be Fisher markets quasi-equilibrium of the sube-

iel
conomy £ if it satisfies the following conditions

(i) x; € DS (p) foranyi € I, (ii) Za:,» < ZSj, a.e.s €S.
icl jed
Proposition 2. For the Cy, there exists a Fisher markets quasi-equilibrium (p, (x;)icr) € A x [] Xic"
iel
of subeconomy £ under all Assumptions in the previous chapter.

First, we will give a proof of Propsition 2, and show that this result implies Proposition 1.

Lemma 1. A budget relation Bf" AP — Xf" is a continuous relation.

Proof. Bic" is nonempty-, convex- and compact-valued since 0 € Bic" (p) for any p € A7 and CY is a
convex and compact subset of Fy.

Upper semicontinuity of Bic(’: It suffices to show that Bicg has a closed graph. Take a sequence
{(pF,2%)} € AT x B (p*) such that (p*, %) — (p,z) € AT x Fy in order to show that x € B (p).
Suppose that z ¢ Bic" (p). Then, (p|lz) > m;**® and, hence, (p¥|z*) > m; for all k large enough, which
leads to a contradiction.

Lower semicontinuity of Bf": Take a sequence {p¥} C A’ such that p* — p € A% and x € BZ-C" (p)
in order to show that there exists a sequence {zF} C B (pF) such that =¥ — z. If (plz) < my,

(p*|z) < m; for all k large enough. Fix such a kg among ones and define {z*} by

k x Ikiko
x =
ab e BS(pF) ik <ko

, where a* € B (pF) is some arbitralily fixed element of B (p*). This sequence is desired one. If
(p|x) = m;(> 0), note thar (1 —t)z+t0 = (1 —t)x € B (p) for any ¢ € [0,1) and that (p|(1—t)z) < m.
Therefore, (p¥|(1 —t)z) < m; for any ¢ € [0,1) and for all k large enough. Fix such a kg among ones and
define {x*} by
& (1-3)z sk = ko
T= N ke B ()
a® e B (p") 1k <k

*27

, where a* € B (p*) is some arbitralily fixed element of B (p*)*27. This sequence is desired one.  []

c Co - F Co . F
*25 Based on ;% ;% is defined by >; * N(Cy x Cp), and ~, ¢ is defined by ~; * N(Cy x Cp).

*26 Note the closedness of related primitives.
*27 In both cases, note the closedness and convexities of related primitives.



Lemma 2. A demand relation Dice AT — Xf(’ s a nonempty-, convex- and compact-valued upper

semicontinuous relation.

Proof. Dic" is clearly nonempty-, convex- and compact-valued by assumptions in the previous chapter
and Lemm 1. Take a sequence {(p*,d*)} C A7 x Dicg (p*) such that (p*,d*) — (p,d) € A" x Fy in
order to show that d € D% (p). Note that d € B (p) by Lemma 1. Suppose that d ¢ Dic" (p). Then, there
exists = € Bic ?(p) such that (z,d) 6>—f9. By the continuity of preferences and similar argument of Lemma
L, (1-3)ze B (p¥) and ((1— Hz,d") e>5 for all k large enough, which leads to a contradiction. [J

Define an excess demand relation (0 : A7* — Cy by ¢%(p) = 3. D (p) — 3 S;?8. By Lemma

iel jed

1, ¢% is a nonempty- convex- and compact- valued upper semicontinuous relation. Next, define a price

adjustment relation p¢ : Cp — AT by pCe(z) = {p € AP : (p|z) = max (glz)} for any z € Cy.
qEAF,
Since (-]z) : A”> — R is continuous, clearly, 1® is a nonempty-, convex- and compact-valued upper

semicontinuous relation. Therefore, the relation ¢ : Cy x AT> — Cy x A, which is defined by
YC (2, p) = ¢ (p) x uC(2) for any (z,p) € Co x A™>, satisfies all of the conditions in Kakutani’s fixed

point theorem*??.

Lemma 3. A fized point (z*,p*) € ¥ (2*,p*) constituties a Fisher markets quasi-equilibrium of the

subeconomies £, and E7>.

Proof. (z*,p*) € ¥ (2%, p*) = (% (p*) x uC(z*) implies that there exists d¥ € D (p*) for any i € I
such that z* = Y df — > S; and that (p*| Y df — Y. Sj) = (¢l o di — > S;) for any ¢ € A">. By
jEJ jeJ

i€l jeJ iel i€l
Assumption 4, (p*|df) = m;, and hence, (p*| Y df — 3" S;) = 0. Therefore, 0 2 (¢| > df— > S;) for any
i€l jeJ i€l jeJ
q € AF>. Suppose that there would exist a measurable set £ € ¥ with u(E) > 0 such that Y~ df > 3" S;
i€l JEJ
a.e. s € E. Define mg € bay by mg(A) = / xgdu for any A € ¥*39 and put v = (7g|S) > 0 and
A
M
g € bay by —7p. Then, we can regard Ilg as an element of A*>. Then, (IIg| Y. df — > ;) > 0,
v i€l jeJ

which leads to a contradiction. Thus, > df < > S; ae. s € S.
icl jeJ
Next, suppose that there would exist ¢ € I such that df ¢ Di}-A (p*)*3L. Then, there would exist
z € B> (p*) such that (z,d) €=7>. (tz 4 (1 —t)d},d}) €~7> for any t € (0, 1] because of convexity (or

1) K3
linearlity) of preference, and tz + (1 — t)d* € B (p*) for ¢ sufficiently close to 1 because of d € int Cy,
which leads to a contrudiction.
Thus, (p*, (d})ier) € AT x ] XijT * is a Fisher markets quasi-equilibrium of both of the subeconomy
iel
£C and the subeconomy £7*, which completes the proofs of Proposition 1 and 2. O

*28 Recall that X;C6 = Cq.

*29 Kakutani’s fixed point theorem asserts that a nonempty-, convex- and compact-valued upper semicontinuous relation
from a nonempty, convex and compact subset of a finite dimensional topological vector space to the same subset has
a fixed point [2], [4].

*30 A positive measure 7 is regarded as an elment of £! which is suitably embeded in ba.

*31 Recall that Bics (p) = B;F’\ (p) N Cy for any p € AT, and hence, d} € l’:v’i]:A (p*).



4 A proof of Theorem 1

In this chapter, we will give a proof of Theorem 1. For the purpose, we will first make the price-extension
argument. Let (L, k) be a Hausdorff locally convex space*32, where x is a vector space topology of L,
D C L be a convex cone with vertex 0, and L° be a topological dual of (L.x). Abusing notation, we will
denote the bilinear form of the dual pair (L, L°) by (-|-) : L° x L — R. In this more general settings,

the next two lemmata hold.

Lemma 4. In addition to the above conditions, assume that M is a finite dimensional vector subspace
of L and that M Nint.D # 0. Then, if a linear functional p : M — R is continuous in the relative
k-topology, which hence is homeomorphic with the same dimensional Eucledean topology as M, and if
(p|ld) = 0 for any d € DN M, there exists a k-continuous linear functional m : L — R such that
moiney = p*3 and (w|d) = 0 for any d € D.

Lemma 5. In addition to the above conditions, assume that int,D # 0. Then, {m € L° : (n|dy) =
a A (wld) 20 foranyd € D} is a o(L°, L)-compact subset of L° for any constant o > 0 and dy € int, L,

where o(L°, L) is a weak® topology of L°*3%.

We will give a proof of Lemma 4 and 5 later in Appendix.

Let {p”>}rea be a family of Fisher market quasi-equilibrium price of subeconomy £7*, which consti-
tutes net. Take || - ||-topology as r, Fy as M, and £ as D in Lemma 4. Then, p”> satisfies all of the
conditions of Lemma 4 for any A € A. Therefore, p”» has a price-extension 77> € ba, with (7|S) = M.
Next, define A by {7 € ba : (7|S) = M A (w|x) 2 0 foranyxz € L,°°}. Take S as dy, and « as M > 0.
Then, the above A is o(ba, L)-compact subset of ba by Lemma 5. Note that 77> € A by the definition
of A.

Next, define Fg by {(z;)icr € [[ Xi : D> x; = S}, and Cs by {x € L= : ||2]|oc = ||S]|eo}. Fe is a
feasible set of an economy &, anéﬁt is al;]lbset of m-hold product of Cs. Clearly, Cs is convex, and
|| - ||oo-bounded, and m-fold product C = Cs x - x Cs of Cs includes Fg. Since Cgs is a || ||o-closed
ball at a center 0 is a o(L£>, L!)-compact subset of £> by Banach-Alaoglu theorem and Minkowski’s

inequality*3?

, C is compact with a product topology of o(£>, L1).

Let d;R be a i’s equilibrium demand schedule of a truncated subeconomy £7*. According to the above
argument, a net {(77*, (dJ*)ier)}aea has a convergent subnet with a product topology o(ba, L) x
(L%, LY x -+ x a(L>®, L1). Suppose that (7**, (d}*)ic;) € A x C is a limit of a convergent subnet of

{(77>, (dzﬁ)iel)}/\e/\-

*32 A locally convex space is a topological vetor space whose topology is genarated by a separating family of seminorms.
Note that all of spaces in this paper are locally convex ones. For the details, see [17], [18]

*33 incys : M — L is an inclusion mapping.

*34 The weak* topology o(L°, L) is the weakest toplogy of L° under which the linear functional (-|z) : L° — R is
continuous for any z € L.

*35 See [1], [17], [18].



Lemma 6. (7**, (d*)icr) € A x [[ X; is a Fisher markets quasi-equilibrium of an economy &.
iel

Proof. Abusing notations, let {(77*, (d7*)icr)}rea be a convergent subnet with a limit (7**, (d}*)ics)
in the above. As already mentioned, 7** € A and hence m** # 0. Since X; = L° is o(L>,L!)-
closed convex subset of £*°, df* € X, for any ¢ € I. Note that we can regard a convergence of net
{d7>}xea to the limit di* in the topology o(£>, L) as a convergence in the topology 7(£>, £!) since
o (L%, L1)-closed convex subset of £ is 7(£%°, L£1)-closed convex subset of £ *36.

By the definition of the ordering on £, > d* < 3 S;, a.e.s € Ssince . d/* £ Y Sj, ae.s€ S

i€l jes iel j€J

holds for any A € A. Therefore, (d}*);es € Fe.

Recall that Z; = {z € L= : (x"

attainable to i under ’s all of the napsack constraints and that d* € B> (p”). By the constructions

9:> < M¥: foranyk; € K;} is a set of commodity bundles which are

or Assumption 1, di* € E;. Take x € X; NE; such that (z,d}*) €2; in order to show that (7**|z) = m,.
By Assumption 4, there exists y € X;NZ; NB(z : €) such that (y,x) €>;, where B(z : €) is a || - || co-closed
ball at the center x with a radius € > 0. Then, by Assumption 2, the strict lower contour set {z € X :
(y,2) €=;} is 7(L>®, LY)- or o(L>®, L')-open subset of X;. Let \; € A be such that y € Fy,. Then,
(y,d>) €=7> for any successor Fy of Fy, since d}> —» di*. Therefore, (77> |y) > (77> |d]*) = m; for
any successor Fy of Fy,, and, hence, (7**|y) = m,. Thus, there exists a || - ||o-convergent net {y¢} with
a limit = such that y© € X; NZ;, NB(x : €) and (7**|y°) = m;, and, hence, (7**|x) = m;, which implies
(m**|d¥*) = m,;. Suppose that there would exist ¢ € I such that (7**|d}*) > m,;. Summing over these
inequalities, we could get (7**| >_ d* — &) > 0, which leads to a contradiction since 7** is a positive
linear functional. Therefore, d *1661 BEF (7).

Finally, we would like to show that d* € D (7**). By the above argument, it suffices to show that
r € X; NE; and (7**|z) = m; implies (d}*,x) €2;. Suppose that (z,d;*) €~,. Since 0 € B (7**) and
the continuity and the convexity of preference, there would exist ¢ € [0,1) sufficiently close to 1 such
that (tx,d;*) €>;. However, (7**|tz) < m;, which leads to a contradiction in the above argument.

Thus, (7**, (d¥*)icr) € A x [] X; is a Fisher markets quasi-equilibrium of an economy &. O
iel

Finally, we will argue about the feasibility of a Fisher markets quasi-equilibriun allocation of an

economy &. Let (7**, (df*)ier) € A x [ X; be a Fisher markets quasi-equilibrium.
iel

Proposition 3. For a Fisher markets quasi-equilibrium allocation (df*);er € [ Xi of an economy &,
i€l
Yodit =3 Sj,ae.s € E for any E € ¥ with m*(E) > 0.

i€l jEJT

Proof. Note that (d}*);cr satisfies >~ di* < > S;, a.e.s € S. Suppose that there would exist a measur-

i€l jeJ
able set E € ¥ with 7**(E) > 0 such that Y d;* # > S;, a.e.s € E. Since 7** is a positive bounded
i€l j€J

*36 Tt is known that the converse is true. In general, if L°is a topological dual of a locally convex space (L, %), then a
convex subset of L is k-closed if and only if it is (L, L°)-closed [17], [18].



additive non-zero measure,

(308 - S =/(Zsj—2d:*>dw**

jeJ icl jed icl
:/ (Zsj—zd;*)dw*w/ O-8;=> dydr > 0.
E ey el S\E ey il

On the otherhand, by linearlity of linear functional,
(T8 =Y di) = (x*[S) = Y (x| ) = M =M =0
jeJ il iel

,which leads to a contradicrion. O

Appendix

In this appendix, we will give proofs of Lemma 4 and 5. Recall the conditions about Lemma 4 and 5:

Let (L,x) be a Hausdorff locally convex space, where « is a vector space topology of L, D C L be a

convex cone with vertex 0, and L° be a topological dual of (L,k). We will denote the bilinear form of
the dual pair (L, L°) by (-|-): L° x L — R.

Lemma 4. In addition to the above conditions, assume that M is a finite dimensional vector subspace
of L and that M Nint.,D # 0. Then, if a linear functional p : M — R is continuous in the relative
k-topology, which hence is homeomorphic with the same dimensional Eucledean topology as M, and if
(pld) 2 0 for any d € DN M, there exists a k-continuous linear functional m : L — R such that
woiney = p and (w|d) 2 0 for any d € D.

Proof. There exists dg € M Nint,,D and a balanced x-open neighborhood of {0} such that {dy} +V C
D*37. Take x € M N (V — D). Then, there exists v € V and y € D such that x = v — y, and , hence,
x=do—{(do—v) +y} € MN({do} — D) since V is balanced and D is a convex cone with vertex
{0}. Putting x = dy — d for some d € D, (p|z) = (pldo) — (p|d) < (p|dp). Therefore, there exists
a > 0 such that (p|z) < « for any x € M N (V — D) since {0} € M N (V — D). Define N C M by
{z € M : (p|z) = a}, which is an affine subspace of M and satisfies N N (V — D) = () by its definition.
Note that int,(V — D) # (). Therefore, by Hahn-Banach extension theorem™®, there exists a hyperplane
H C L such that N € H and H N (V — D) = ), and hence, there exists a linear functional 7 : L — R
such that H = {z € L: (n]z) = a}.

(m|z) < o for any « € (V — D) since 0 € V — D and V — D is convex, and hence, (7|x) > —a for any
z € D since 0 € V. Suppose that there would exist € D such that (w|z) < 0 in order to show that
(w|z) 2 0 for any « € D. Then, there exists § > 0 such that (7]|8z) < —a. Since D is a convex cone

with a vertex {0}, Sz € D, which leads to a contradiction.

*37 The balancedness of an open neighborhood V' of {0} means that aV C V holds for any o« € [—1,1].
*38 See [17], [18]. Note that this version is sometimes called Geometric Hahn-Banach extension theorem [18].
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Finally, we will show m € L°. Take v € V arbitrarily. Then, (7|v) 2 —(7|dp) since (7|v) = (7|v +
dp) — (w|dp) and v 4+ dy € D. Since v € V, —v € V. Therefore, (7] —v) = —(w|dp). These imply
|(m]v)| £ (w|dp) for any v € V. Since a bounded linear functional on k-open neighborhood of {0} is

continuous, w € L°. O

Lemma 5. In addition to the above conditions, assume that int,D # 0. Then, {m € L° : (w|dy) =
a A (rld) 2 0 foranyd € D} is a o(L°, L)-compact subset of L° for any constant o > 0 and dg € int,D,
where o(L°, L) is a weak* topology of L°.

Proof. Take a balanced k-open neighborhood of {0} such that {dy} +V C D. Then, by Banach-Alaoglu

Theorem [17][18], V° = {m € L° : |(7|v)| £ a foranyv € V} is a o(L°, L)-compact subset of L°. It

suffices to show that P = {7 € L°: (n|dp) = a A (w|d) 2 0 foranyd € D} is a o(L°, L)-closed subset of

Ve. Take m € P. Since dy = v € D for any v € V, (w|dyg = v) 2 0. Therefore, |(7|v)| £ « for any v € V,

and hence, P C V°. On the other hand, P = {w € L° : (w|dp) = a} N [ N {relL°:(n|d) = O}], which
deD

is an intersection of o(L°, L)-closed subsets of L°. O
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