








is also equal, choose the arc with the small- critical arc.
est head number j. The arc a; = (i1, /1) is a

Example 4.1: For Example 3.5,ASCC(G§]0 ) = A=0 and a critical arcis (2, 3) with length [ = -8. For
Example 3.0, ASCC(G%ZO )=1(1,2), (2, 1), (3,4), (4, 3)} and a critical arc is (4, 3) with length | =
—1. For Example 3.7

-10
-6 -2 —2
21 4
3 = 7
-1 -1 7
10 \14 3 15
5 -05
4 6
-2 ~16
-1 5 A

Ascc(GEY ) ={(1,3), (3,2), (2. 1), (4, 5), (5, 4), (6, 7). (7, 8), (8, 6)} and a critical arc is (6,7)
with length [y = =0.5. []

Example 4.2: Lert =1,..., 7. Suppose that the dataset Dy is given by
{4 |t =7}
=1{((4,5,4),(30,44,34)),((3,5,6),(38,34,37)), ((4,4,6), (44, 36,31)), (4.5, 5), (39,29, 41)),
((4,5,6),(37,43,28)),((3,5,7),(36,27,41)), ((4,4,7), (44, 38,29))}

and that the consumer has a budget of by = 476, by = by = by = 506, bs = 531, bs = 530, b7 = 531.

476 470 480 465 475 443 482
514 506 498 508 494 489 496
30 38 44 39 37 36 44 500 510 506 518 488 498 502
44 34 36 29 43 27 38 | = 510 507 511 506 503 484 511
34 37 31 41 28 41 29 544 544 542 547 531 525 540
548 543 529 549 522 530 525
534 547 537 559 516 539 531

B R R o
= O O O s Ot Ot
N 3O T OY O =~

Hence the corresponding data matrix is
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0 -6 4 -11 -1 =33 6

8§ 0 -8 2 =12 —-17 -10

-6 4 0 12 -18 -8 —4

Dyr = 4 1 5 0 -3 -22 5
13 13 11 16 0 -6 9

8 13 -1 19 -8 0 -5

3 16 6 28 —-15 8 0

Since G4§ 0 s strongly connected component, Ascc( Gﬁo) = A=Y, The maximum length [y of each arc
is =1, which corresponds to the arcs (1, 5) and (6, 3).

1.5 6. 3
p-x 475 | p’-x 529
= — =10.9979, - = — = 0.9981.
pl-xl 476 pb-x6 530 0-998
Hence a critical arc is (6, 3). L]

Next, decompose G'[%O — aj into strongly ASCC(G[%O — a1) based on the same rules as
connected components. If G=0 — g satisfies when we chose a; . Repeat these procedures
GARP, then the critical arc of G=is a; = (71,  until G=0 — Uj_, {a} satisfies GARP. Then
j1). Else choose one arc az = (iz, j2) € critical arcs opréo is{as...,an}.

Example 4.3: For Example 3.5, a1 = (i1, j1) = (2, 3) with length [, = —S-ASCC(GI%]O —a1) ={(1,3),
(1,4),(3,1),(3,4), (4, 1)}.

New Goodness-of-Fit Measures for GARP and Critical Arcs Takeshi Naitoh 013



ar = (1, 4) with length [, = -9.
az = (3,4) with length 3 = —15.
Ascc(G, —{an ax a3}) ={(1,3), (3, 1)},

as = (3, 1) with length [y = -24
Since Ascc(Gléo —{al, ap, as, a4}) =
arcs 0fG1§0 is{(2,3),(1,4)

Hereafter, the data matrix Dr is assumed to be
non-negative, i.c., it has at least one negative el-
ement.
Algorithm
G:= G§ 0

1. Decompose G into strongly connected
components. If any (i, /) € Ascc(G) satisfies p’
- (@ — &') = 0, GARP is satisfied, and the algo-
rithm terminates.
2.Setz:= 1 and /: = 0, and repeat the follow-
ing loop.

Choose one arc a, = (ip, jn) € Ascc(G) with
the maximum length /,, but if there is more
than one arc with the length ln, select the arc

with the maximum value of &% o . If the values

of ﬁ, 7 are also equal, choose the arc with the
smallest tail number 7, and if the number 7 is al-
so equal, choose the arc with the smallest head

number ;.

G:=G-a,

014

a, ie., G']é
,(3,4),(3, 1}

0 —{ay, az, az, aa} satisfies GARP, Hence critical

[

[:=1-1,
The loop terminates when any (7, j) €
Ascc(G) satisfies p' - (¥ — &) = 0.
Otherwise, 7 := 7 + 1 and return to the be-
ginning.
V |Our goodness-of-fit
measures for GARP

In this section, we introduce two goodness-
of-fit measures for GARP that use information
on the length of the critical arcs. Denote by L
the sum of absolute lengths of critical arcs. We
focus on L as the numerator. This value L can
be obtained using the algorithm in the previ-
ous section.

The first index we propose uses the sum of
the lengths of the arcs of the strongly connect-
ed component of G=C as the denominaor.
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Definition s.1: For a dataset D ={(p', &) | t=1,..., T}, if some (i, j) € A= satisfies p' - (¥ — x')
<0, Index 1 is defined as follows:

Index 1(D) = L - —.
> p(@ —ad)
(i,j)€ASO
If any (i,j) € A= satisfies p' - (¥ — &%) = 0, we define Index 1(D) = 0. L]

Note that the denominator of Index 1 is equal

to the numerator of SCCI.

Example s.2: For Example 3.5,

8+9+15+24 28

Index 1(Dy) = 0.346.

T 45+454+9+8+24+15+16 8L

Example s.3: For example 4.2, Ascc( Gﬁo )= A=°,
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ai = (6, 3) with length [, = —1.

-5.

ASCC(GiO —f{a, a2}) ={(1,2),(2,3),(3,1),(5,6), (6,5), (7, 5)}. There are three arcs of length
-6:(1,2),(3,1),(5,6).

pl-x? 470 p3 -zt 500 p°-xb 525

=—=0987, ——==-——=-=0988, ——=_——
’ T op3-x3 506 p°-x® 530

= (.989.
ol ol = 376 . 0.989

Hence as = (5,6). Ascc(Goy —{ar, az a3}) ={(1,2), (2,3), (3, 1), (6,5), (7, 5)}. as = (3, 1).
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Since Ascc (G4§0 —{a1, ay, as, as}) = B, each arc contained in Ascc(Gléo —A{a1, az, as, aq}) has
length 0. Critical arcs z)fG4§0 is {(6, 3), (6,7),(5,6), (3, 1)}.

Z p'-(x' —27) =194
(i.) €A
1+5+6+6

194

1
18 = 0.093.

Index 1(Dy) = = To1

MCI can be considered to effectively use in- er, MCI is not polynomial time. The second

formation on the length of arcs, that need to be index has the same numerator as Index 1 and
minimally modified to satisfy GARP. Howev- the same denominator as MCIL.

Definition s.4: For a dataset D ={(p', x*) | t =1, ..., T'}, Index 2 is defined as follows:

L
Zpt.wt'

Index 2(D) =

teT
O
For Example 3.,
8+9+15+24
Index 2(D;) = = 0.016
ndex 2(D1) = oo 007 1 908
For Example 4.2,
1454646 18
Index 2(Dy) = - — 0.00502.
ndex 2(Ds) = e 06 506 1 506 1 531 1530 1 531 3586
Index 1(D) | Index 2(D) | MCI(D) | SCCI(D) | 1-AEL(D) | 1-HMI(D)
Example3.5 | 0.346 0.016 0012 |1 0.026 0.25
Example3.6 | 0.25 0.012 0012|0317 0.04 05
Example3.7 | 0.019 0.0015 0.0015 | 0.101 0.009 0.375
Exampled.2 | 0.093 0.0050 0.0036 |1 0.012 0.286

New Goodness-of-Fit Measures for GARP and Critical Arcs
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‘V[ ‘ Conclusion

SCCI uses all negative length arcs of the
strongly connected components in the calcula-
tion of the numerator. By using the length of
critical arcs instead, Index 1 may be more suit-
able than SCCI for cases with fewer strongly
connected components of G=. Index 2 may be
a relatively efficient way to obtain an approxi-
mate solution for MCI. However, it is a future
issue that the ordering rule for arcs of the same
length in the procedure for seeking a critical

arc.
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Appendix

For example 3.7, we show AEI(D3), HMI(D3), MCI(D3), Index 1(D3), and Index 2(D3).

Fora given e its corresponding data matrix is

0 353 —346e 343 — 346e 332 — 346e

344 — 350e 0 352 —350e 337 — 350e
349 — 346e 340 — 346e 0 336 — 346e
373 —36le 374 —36le 374 — 361e 0

375 — 357e 377 — 357e 365 — 357e 356 — 357e
402 — 401e 398 —401le 396 —40le 385 —401le
404 — 396e 401 — 396e 387 — 396e 380 — 396e
397 — 407e 408 — 407e 402 — 407e 386 — 407e

333 — 346e 347 — 346¢ 350 — 346e 348 — 346¢
335 — 350e 351 — 350e 354.5 — 350e 356 — 350e
332 — 346e 349 — 346e 347 — 346e 351 — 346e
359 — 36le 376 — 36le 377.5 —36le 379 — 36le

0 372—357¢ 373 — 357e 371 — 357e

383 —401e 0 400.5—401le 402 —401e
381 — 396e 397 — 396e 0 394 — 396e
386 — 407e 403 —407e 408 —407e 0

E=TPPONY

|
3 7
-
4 6
5 /
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Ife< % , then Gﬁo is acyclic.
1 \
"

7

8
7
6

Elseife = % , then G=0 contains the arc (1,3) with length 0 and the cycle (1, 3,2, 1). Hence
343

Note that for Index HMI, G=° [\ 7] (+ € 1, 2, 3) contains two cycle (4, 5,4) and (6,7, 8, 6)),
G=° [\ 1] (t € 4, 5) contains two cycle ((1,3,2, 1) and (6,7, 8,6)),and G=° [I'\ 7] (+ € 6,7, 8)

contains two cycle ((1,3,2, 1) and (4, 5, 4)). Therefore

AEI(D3) =

~ H1,2,4,6,7}]

= 0.625.
8

HMI(Ds)

If we delete {(6, 7), (5,4), (1, 3)}, then G=C does not contain a cycle. Hence

05+1+3
MCI(D3) = = 0.00152.
(Ds) = 316+ 350 + 346 + 361 + 357 + 401 £ 306 £ 407

6+6-+3 241 05+2+4 24.5

SCCI(Dy) = S H6+DFQED+(05+2+4) — 0.101.
S P (@ - o) 212.5
(i,j)€A=0

054143
I 1(D3) = —— = 0.019.
ndex 1(Ds3) CYOR -0.019
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Moreover Index 2(D3) = MCI(D3).
For Example 4.2 (the dataset Dy), we show AEI(Dy4), HMI(D4), MCI(D4), and Index 2(Dy). If €

TN

=0 . .
<506 » then Gp, isacyclic.

J

A=0={(1,2),(1,4),(1,6).(2,3),(2,5).(2,6).(2.7).(3,5).(3.6), (4, 6). (6,5). (7. 5)}

Elseife= % , then G=° contains the cycle (1,2, 3, 1). Hence

500
AEI(Dy) = £ = 0.988.

Note that for Index HMI, G=[1"\ ] ( € 1,2, 3, 4) contains a cycle (5, 6,7, 5) and G=[1'\ 7] (¢
€ 5,6,7) contains a cycle (1,2, 3, 1). Therefore

_ {1,2,4,5,7}]

HMI(Dy) -

=0.714.

If we delete {(1, 2), (5, 6), (6, 3)}, then G=° does not contain a cycle. Hence

6+6+1 13

= = = 0.00363.
476 4 506 4 506 4 506 4 531 4+ 530 4+ 531 3586 °

MCI(Dy)
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New Goodness-of-Fit Measures
for GARP and Critical Arcs

Takeshi Naitoh

It is a well-known result in revealed prefer-
ence theory that a dataset is rationalizable if
and only if the axiom called GARP is satisfied.
We propose the concept of critical arcs, refer-
ring to the arcs to be removed from a graph
representing a given dataset. These are collec-
tions of arcs whose total absolute length is as
small as possible under the condition that the
remaining relationships satisfy GARP after re-
moval. We also propose two goodness-of-fit

measures using critical arcs.
Key words: revealed preference, goodness-of-

fit measures, strongly connected
components
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