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Abstract. This paper establishes a uni�cation within the iterative
scheme generating method (ISGM) framework by integrating iterations
of extended Mann�Ishikawa type with full Cesàro mean iterations. Un-
der the proposed uni�ed ISGM schemes, we prove weak convergence of
the sequences generated by quasi-nonexpansive mappings that are ei-
ther demiclosed or mean-demiclosed. This work provides the �rst such
uni�cation within the ISGM framework and thereby expands the class
of admissible iterative algorithms. As an application, the results are
applied to a linear split feasibility problem.

1. Introduction

Throughout this paper, we denote by H a real Hilbert space with the
norm k�k induced by an inner product h�; �i. A mapping T : C ! H is
called nonexpansive if

(1.1) kTx� Tyk � kx� yk for all x; y 2 C;
where C is a nonempty subset of H. The set of �xed points of T is denoted
by

F (T ) = fx 2 C : Tx = xg :
Numerous studies have investigated iterative methods to approximate �xed
points of nonexpansive mappings.
The evolution of �xed point approximation theory can be viewed as a

pursuit of two complementary goals: expanding the class of admissible map-
pings and developing robust, general-purpose algorithms. Historically, these
streams progressed in tandem. The seminal works of Mann [32], Ishikawa
[11], and Reich [38] established fundamental iterative schemes, while sub-
sequent research, such as the mean iteration methods initiated by Bail-
lon [2], Reich [37], and Shimizu and Takahashi [40], introduced alternative
averaging-based paradigms.
In 2023, a shift in perspective occurred with the iterative scheme generat-

ing method (ISGM), which moved beyond proposing individual algorithms
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to providing a systematic framework for generating entire families of conver-
gent iterations under veri�able conditions [19, 21]; see also Kondo [22, 23]:

Theorem 1.1 ([19]). Let C be a nonempty, closed, and convex subset of
a real Hilbert space H. Let S; T : C ! C be quasi-nonexpansive (3:7)
and mean-demiclosed mappings (3:11) such that F (S) \ F (T ) 6= ;. Let
PF (S)\F (T ) denote the metric projection from H onto F (S) \ F (T ). Let
fang, fbng, and fcng be sequences of real numbers in the interval [0; 1] such
that an+ bn+ cn = 1 for all n 2 N, limn!1anbn > 0, and limn!1ancn > 0.
De�ne a sequence fxng in C as follows:

x1 2 C : given,(1.2)

xn+1 = anxn + bn
1

n

n�1X
k=0

Skzn + cn
1

n

n�1X
k=0

T kwn

for all n 2 N = f1; 2; � � � g, where fzng and fwng are sequences in C that
satisfy

(1.3) kzn � qk � kxn � qk and kwn � qk � kxn � qk

for all q 2 F (S) \ F (T ) and n 2 N. Then, the sequence fxng converges
weakly to a point bx 2 F (S) \ F (T ), where bx � limn!1 PF (S)\F (T )xn.
In Theorem 1.1, the terms �quasi-nonexpansive mapping� and �mean-

demiclosed mapping� will be formally de�ned in Section 3. (Intuitively,
mean-demiclosedness ensures that weak cluster points of Cesàro-type av-
erages of iterates remain �xed points.) A nonexpansive mapping that has
a �xed point satis�es these conditions. The role of the sequences fzng and
fwng in Theorem 1.1 is open and they are only required to satisfy the condi-
tions in (1.3). Consequently, this method generates in�nitely many iterative
schemes, including the following iterative scheme:

wn = �nxn + (1� �n)Sxn;(1.4)

zn = �nxn + (1� �n)Txn;

xn+1 = anxn + bn
1

n

n�1X
k=0

Skzn + cn
1

n

n�1X
k=0

T kwn

for all n 2 N where �n; �n 2 [0; 1]. Theorem 1.1 was slightly generalized as
Theorem 3.3 in Kondo [23].
In 2025, Kondo [25] proved the following:

Theorem 1.2 ([25]). Let C be a nonempty, closed, and convex subset of a
real Hilbert space H and let S; T : C ! C be quasi-nonexpansive and demi-
closed mappings (3:8) such that F (S) \ F (T ) 6= ;. Denote by PF (S)\F (T )
the metric projection from H onto F (S)\ F (T ). Let fang, fbng, and fcng
be sequences of real numbers in the interval [0; 1] such that an+ bn+ cn = 1
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for all n 2 N � f1; 2; � � � g, limn!1anbn > 0, and limn!1ancn > 0. De�ne
a sequence fxng in C as follows:

x1 2 C is given,

xn+1 = anyn + bnSzn + cnTwn

for all n 2 N, where fyng, fzng, and fwng are sequences in C that satisfy
the following conditions:

kyn � qk � kxn � qk , kzn � qk � kxn � qk , kwn � qk � kxn � qk

for all q 2 F (S) \ F (T ) and n 2 N,

xn � yn ! 0 , xn � zn ! 0 , and xn � wn ! 0 .

Then, fxng converges weakly to a point bx 2 F (S) \ F (T ), where bx �
limn!1 PF (S)\F (T )xn.

This theorem has been extended in some directions: for strong conver-
gence results using metric projections, see Kondo [24]; for a general class of
mappings, see Kondo [26]; and for a Banach space setting, see Kondo [27].
In this paper, we present a new version of the ISGM that uni�es two major
generalizations in �xed-point approximation theory by Kondo [19, 25] and
crystallizes them into a single iterative formalism. The proposed scheme
encompasses extended Mann�Ishikawa-type terms and mean-valued terms
with arbitrary weights. This uni�ed approach is further motivated by The-
orem 3.3 in Kondo [31]. Following these earlier contributions, this study
provides the framework that fully uni�es the ideas of the major iterative
methods, which have been studied separately, in the ISGM framework.
A distinctive element of this formalism is the inclusion of a mean-valued

sequence over powers of the mapping T . This mean-valued term theoreti-
cally incorporates the essence of the average convergence theorem into the
iterative method, allowing us to exploit the structure of the mapping T on
a more macroscopic scale. We show that including this term essentially re-
laxes the conditions for the iterative sequence to converge to a �xed point;
see Remarks 4.1 and 5.2. Furthermore, this term may have a certain sta-
bilizing e¤ect on the iterative scheme, which will be an important topic for
future empirical research; see Polyak and Juditsky [36].
This paper is organized as follows: Section 2 provides background infor-

mation. In Section 3, we review various types of nonlinear mappings which
signi�cantly extend nonexpansive mappings. We present examples of non-
continuous mappings. In Section 4, we establish the main theorems of this
study. Section 5 applies the main theorems to various nonlinear mappings.
Section 6 deals with applications to split feasibility problems, with a par-
ticular focus on the linear case. Section 7 concisely concludes the present
paper.



4 ATSUMASA KONDO

2. Preliminaries

This section recalls some preliminary facts. Let fxng be a sequence in a
real Hilbert space H. We denote strong and weak convergence of fxng to
x 2 H by xn ! x and xn * x, respectively. It is known that xn * x if and
only if for any subsequence fxnig of fxng, there exists a subsequence

�
xnij

	
of fxnig such that xnij * x. If xn * x and yn ! y, then hxn; yni ! hx; yi.
The nearest point in a convex set is characterized by the following lemma.

Lemma 2.1. Let C be a nonempty and convex subset of H. Let x 2 H and
p 2 C. Then, the following two statements are equivalent:
(i) hx� p; p� zi � 0 for all z 2 C;
(ii) kx� pk � kx� zk for all z 2 C.

A proof of Lemma 2.1 can be found in Takahashi [41], page 89. Moreover,
if C is closed in H, then for any x 2 H, there exists a unique nearest point
p 2 C from x 2 H. This mapping x 7�! p is called the metric projection
from H onto C, denoted by PC . A metric projection PC is nonexpansive
and, by Lemma 2.1, it satis�es the inequality

(2.1) hx� PCx; PCx� zi � 0 for all x 2 H and z 2 C:

The following result is due to Takahashi and Toyoda [44].

Lemma 2.2. Let F be a nonempty, closed, and convex subset of H, let PF
be the metric projection from H onto F , and let fxng be a sequence in H. If
kxn+1 � qk � kxn � qk for all q 2 F and n 2 N, then fPFxng is convergent
in F .

The following lemma is widely known; see Maruyama et al. [33] and
Zegeye and Shahzad [47].

Lemma 2.3. Let xn 2 H and let an 2 R (n = 1; 2; � � � ; N) such thatPN
n=1 an = 1. Then, the following equation holds:






NX
n=1

anxn







2

=
NX
n=1

an kxnk2 �
NX

m;n=1;
m<n

aman kxm � xnk2 :

In the case N = 4 in Lemma 2.3, the following holds: if a+ b+ c+ d = 1,
then

kax+ by + cz + dwk2 = a kxk2 + b kyk2 + c kzk2 + d kwk2(2.2)

�ab kx� yk2 � ac kx� zk2 � ad kx� wk2

�bc ky � zk2 � bd ky � wk2 � cd kz � wk2 ;

where x; y; z; w 2 H. A proof of this case can be found in Takahashi and
Kondo [30], page 282. In (2.2), no assumption that a; b; c; d 2 [0; 1] is needed.
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If a; b; c; d 2 [0; 1] is additionally satis�ed, then it holds that

kax+ by + cz + dwk2(2.3)

� a kxk2 + b kyk2 + c kzk2 + d kwk2

�ab kx� yk2 � ac kx� zk2 � ad kx� wk2 :

Letting d = 0 results in

(2.4) kax+ by + czk2 � a kxk2+b kyk2+c kzk2�ab kx� yk2�ac kx� zk2 :

The inequalities (2.3) and (2.4) are employed in the proofs of Theorems 4.2
and 4.1, respectively.

3. Nonlinear mappings

In this section, we introduce various nonlinear mappings that generalize
nonexpansive mappings. For further details, see the appendices in Kondo
[21, 25].
Kocourek et al. [13] introduced a class of mappings that uni�es nonexpan-

sive mappings and some other important classes of mappings. A mapping
T : C ! H is called generalized hybrid [13] if there exist �; � 2 R such that

(3.1) � kTx� Tyk2 + (1� �) kx� Tyk2 � � kTx� yk2 + (1� �) kx� yk2

for all x; y 2 C. Setting � = 1 and � = 0 in (3.1) yields the de�ning
inequality of nonexpansive mappings (1.1), showing that every nonexpansive
mapping is a generalized hybrid mapping. Also, this class of mappings
includes nonspreading mappings [14], hybrid mappings [42], as well as �-
hybrid mappings [1].
A mapping T : C ! H is called normally generalized hybrid [45] if there

exist �; �; 
; � 2 R such that

(3.2) � kTx� Tyk2 + � kx� Tyk2 + 
 kTx� yk2 + � kx� yk2 � 0

for all x; y 2 C, subject to the conditions (i) � + � + 
 + � � 0, and (ii)
�+ � > 0 or �+ 
 > 0. The class of normally generalized hybrid mappings
contains generalized hybrid mappings as a case of �+� = 1 and 
+� = �1.
Moreover, if � + � + 
 + � > 0, a normally generalized hybrid mapping
admits at most one �xed point. In the case where � = 1, � = 
 = 0, and
� = �� with � 2 [0; 1), the inequality (3.2) reduces to

kTx� Tyk � p� kx� yk ;

hence, the class includes
p
�-contraction mappings.

A mapping T : C ! C is called normally 2-generalized hybrid [28] if there
exist �0; �0; �1; �1; �2; �2 2 R such that

�2


T 2x� Ty

2 + �1 kTx� Tyk2 + �0 kx� Tyk2(3.3)

+�2


T 2x� y

2 + �1 kTx� yk2 + �0 kx� yk2 � 0
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for all x; y 2 C, subject to the conditions (i)
P2
n=0 (�n + �n) � 0 and (ii)

�2 + �1 + �0 > 0. When �2 + �1 + �0 = 1 and �2 + �1 + �0 = �1, such a
mapping is referred to as a 2-generalized hybrid mapping [33]. Moreover, ifP2
n=0 (�n + �n) > 0, then it admits at most one �xed point.
The notion of a normally N -generalized hybrid mapping is de�ned anal-

ogously. For instance, the condition for a normally 3-generalized hybrid
mapping is as follows:

�3


T 3x� Ty

2 + �2 

T 2x� Ty

2 + �1 kTx� Tyk2 + �0 kx� Tyk2(3.4)

+�3


T 3x� y

2 + �2 

T 2x� y

2 + �1 kTx� yk2 + �0 kx� yk2 � 0

for all x; y 2 C, where the parameters satisfy (i)
P3
n=0 (�n + �n) � 0 and

(ii) �3 + �2 + �1 + �0 > 0.

We now present an example of a normally 2-generalized hybrid mapping;
see also Kondo [10, 15, 20, 21]. In (3.3), set �2 = � and �2 = �� with
0 < � < �, and set all other coe¢ cients to zero. Then, (3.3) reduces to

(3.5) �


T 2x� Ty

2 � � 

T 2x� y

2 :

The following function satis�es (3.5):

Example 3.1 . Let H = C = R and de�ne T : R! R by

Tx =

�
0 if x �

p
�;p

� if
p
� < x;

where 0 < � < �. Then, T satis�es (3.5); see Kondo [21], page 307. �

Next, we present an example of a normally 3-generalized hybrid mapping.
In (3.4), set �3 = � and �3 = �� with 0 < �=4 < � < �, and set all other
coe¢ cients to zero. We have

(3.6) �


T 3x� Ty

2 � � 

T 3x� y

2 :

Example 3.2. Let H = C = R and de�ne T : R! R as follows:

Tx =

8>>><>>>:
0 if x �

p
�

2
;

p
�

2
if
p
�

2
< x �

p
�;

p
� if

p
� < x;

where 0 < �=4 < � < �. The mapping T satis�es (3.6). Indeed, under the
assumption 0 < �=4 < � < �, we have T 3x = 0 for all x 2 R. Consequently,

(3:6)() � (Ty)2 � �y2 () jTyj �
r
�

�
jyj :
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We verify this inequality in three cases: (i) If y �
p
�=2, then Ty = 0,

so (3.6) holds. (ii) Suppose that
p
�=2 < y �

p
�. Then Ty =

p
�=2.

Moreover, r
�

�
jyj >

r
�

�

p
�

2
=

p
�

2
= Ty:

Thus, (3.6) is met. (iii) If
p
� < y, then Ty =

p
�. On the other hand,r

�

�
jyj >

r
�

�

p
� =

p
� = Ty:

From the above, the mapping satis�es (3.6) and therefore, it is a normally
3-generalized hybrid mapping. �

Let C be a nonempty, closed, and convex subset of H. A mapping T :
C ! H with F (T ) 6= ; is called quasi-nonexpansive if

(3.7) kTx� qk � kx� qk for all x 2 C and q 2 F (T ):

The �xed point set of a quasi-nonexpansive mapping is closed and convex;
see Itoh and Takahashi [12] or Kocourek et al. [13].
A mapping T : C ! H is called demiclosed if for every sequence fxng in

C,

(3.8) xn � Txn ! 0 and xn * v =) v 2 F (T ):

It is often said that I � T is demiclosed if (3.8) holds, where I denotes the
identity mapping. Kondo [17] called a mapping T : C ! C 2-demiclosed if
for every sequence fxng in C,

(3.9) xn � Txn ! 0, xn � T 2xn ! 0, and xn * v =) v 2 F (T ):

Similarly, anM -demiclosed mapping can be de�ned for anyM 2 N. Clearly,

(3.10) demiclosed mappings � 2-demiclosed mappings � � � � :

Given a bounded sequence fwng in C, de�ne Wn � 1
n

Pn�1
l=0 T

lwn (2 C)
for all n 2 N. Kondo [16] de�ned a mapping T to be mean-demiclosed if for
every subsequence fWnig of fWng,

(3.11) Wni * v =) v 2 F (T ):

Regarding these types of mappings, the following lemmas are known; see
[13, 28, 29, 33, 45]:

Lemma 3.1. Let S : C ! C be a normally generalized hybrid mapping (3:2)
with a �xed point, where C is a nonempty, closed, and convex subset of H.
Then, S is quasi-nonexpansive, demiclosed, and mean-demiclosed.

Lemma 3.2. Let T : C ! C be a normally N -generalized hybrid mapping
(3:3) with a �xed point, where C is a nonempty, closed, and convex subset
of H. Then, T is quasi-nonexpansive, N -demiclosed, and mean-demiclosed.
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Kondo [26] also proved the above lemmas for the case N = 2 in its ap-
pendix.
In what follows, we assume that the nonlinear mappings under consid-

eration have a common �xed point. The following result, due to Hojo [8],
guarantees the existence of such a point:

Theorem 3.1. Let C be a nonempty, closed, convex, and bounded subset
of H. Let S; T : C ! C be a normally M -generalized hybrid mapping
and a normally N -generalized hybrid mapping, respectively. Assume that
ST = TS. Then, S and T have a common �xed point.

See also Hojo et al. [9] and Kondo [18], and the references therein. Ac-
cording to Theorem 3.1, the existence of a common �xed point is guaranteed
if it is assumed that C is bounded and ST = TS, in addition to the standard
assumptions in the main theorems (Theorem 4.1�4.3).

4. Main Results

In this section, we present an ISGM that combines Mann�Ishikawa-type
and mean-valued iterations. This framework generates in�nitely many itera-
tive schemes that weakly converge to common �xed points. Although Theo-
rem 4.1 treats the case of a quasi-nonexpansive and demiclosed mapping, the
result can be readily extended to the quasi-nonexpansive andM -demiclosed
case. We provide a proof for the quasi-nonexpansive and 2-demiclosed case in
Theorem 4.2. Theorem 4.3, which addresses the general quasi-nonexpansive
and M -demiclosed case, is stated without proof. The essential ingredients
of the proof have been developed and re�ned in numerous prior works; see
the references cited in Kondo [15].

Theorem 4.1. Let C be a nonempty, closed, and convex subset of a real
Hilbert space H. Let S : C ! C be a quasi-nonexpansive and demiclosed
mapping. Let T : C ! C be a quasi-nonexpansive and mean-demiclosed
mapping. Suppose that F (S)\F (T ) 6= ;. Let PF (S)\F (T ) denote the metric
projection from H onto F (S)\F (T ). Let fang, fbng, and fcng be sequences
of real numbers in the interval [0; 1] such that an+ bn+ cn = 1 for all n 2 N,
limn!1anbn > 0, and limn!1ancn > 0. De�ne a sequence fxng in C as
follows:

x1 2 C : given,

xn+1 = anyn + bnSzn + cn
1

n

n�1X
k=0

T kwn

for all n 2 N, where fyng, fzng, and fwng are sequences in C that satisfy
(4.1)
kyn � qk � kxn � qk , kzn � qk � kxn � qk , and kwn � qk � kxn � qk

for all q 2 F (S) \ F (T ) and n 2 N and
(4.2) xn � yn ! 0 and xn � zn ! 0 .
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Then, the sequence fxng converges weakly to a point bx 2 F (S) \ F (T ),
where bx � limn!1 PF (S)\F (T )xn.
Proof. Recall that S and T are quasi-nonexpansive (3.7). Consequently,
F (S) and F (T ) are closed and convex. Therefore, F (S) \ F (T ) is also
closed and convex. Since F (S) \ F (T ) 6= ; by assumption, the metric
projection PF (S)\F (T ) from H onto F (S)\F (T ) is properly de�ned. De�ne
Wn =

1
n

Pn�1
k=0 T

kwn 2 C. Then, we have xn+1 = anyn + bnSzn + cnWn.
We prove that

(4.3) kWn � qk � kxn � qk

for any q 2 F (T ) and n 2 N. In fact, using the hypothesis that T is
quasi-nonexpansive (3.7) and (4.1) yields

kWn � qk =





 1n

n�1X
k=0

T kwn � q





 = 1

n







n�1X
k=0

T kwn � nq







=
1

n







n�1X
k=0

�
T kwn � q

�




 � 1

n

n�1X
k=0




T kwn � q



� 1

n

n�1X
k=0

kwn � qk = kwn � qk � kxn � qk ;

which establishes (4.3).
Next, we prove that

kxn+1 � qk � kxn � qk

for any q 2 F (S) \ F (T ) and n 2 N. Choose q 2 F (S) \ F (T ) and n 2 N
arbitrarily. Since S and T are quasi-nonexpansive, by (4.1) and (4.3), we
have

kxn+1 � qk = kanyn + bnSzn + cnWn � qk
= kan (yn � q) + bn (Szn � q) + cn (Wn � q)k
� an kyn � qk+ bn kSzn � qk+ cn kWn � qk
� an kyn � qk+ bn kzn � qk+ cn kWn � qk
� an kxn � qk+ bn kxn � qk+ cn kxn � qk
= kxn � qk :

From this inequality, we observe the following: (i) fkxn � qkg converges
in R for all q 2 F (S) \ F (T ); (ii) fxng is bounded; (iii)

�
PF (S)\F (T )xn

	
converges in F (S) \ F (T ). (iii) follows from Lemma 2.2. We denote the
limit by bx � limn!1 PF (S)\F (T )xn.
Note that fzng, fwng, fSzng, and fTwng are bounded. Indeed, since fxng

is bounded, from (4.1), fzng and fwng are also bounded. Let q 2 F (S).
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Since S is quasi-nonexpansive, we have

kSznk � kSzn � qk+ kqk
� kzn � qk+ kqk :

Since fzng is bounded, so is fSzng. Analogously, one can show that
�
S2zn

	
and fTwng are also bounded.
We now prove that

(4.4) yn � Szn ! 0 and yn �Wn ! 0:

Using any element q 2 F (S) \ F (T ), (2.4), (4.1), and (4.3), we obtain

kxn+1 � qk2

= kan (yn � q) + bn (Szn � q) + cn (Wn � q)k2

� an kyn � qk2 + bn kSzn � qk2 + cn kWn � qk2

�anbn kyn � Sznk2 � ancn kyn �Wnk2

� an kyn � qk2 + bn kzn � qk2 + cn kWn � qk2

�anbn kyn � Sznk2 � ancn kyn �Wnk2

� kxn � qk2 � anbn kyn � Sznk2 � ancn kyn �Wnk2 ;
which results in

anbn kyn � Sznk2 + ancn kyn �Wnk2 � kxn � qk2 � kxn+1 � qk2 :
By (i), the right-hand side tends to 0. From the assumptions limn!1anbn >
0 and limn!1ancn > 0, we obtain (4.4), as claimed. Consequently, it holds
that

(4.5) zn � Szn ! 0 and xn �Wn ! 0:

This can be veri�ed using (4.2) and (4.4) as follows:

kzn � Sznk � kzn � xnk+ kxn � ynk+ kyn � Sznk ! 0;

kxn �Wnk � kxn � ynk+ kyn �Wnk ! 0:

Our aim is to prove that xn * bx �� limk!1 PF (S)\F (T )xk�. Let fxnig be
a subsequence of fxng. From (ii), fxnig is bounded and thus, there exists a
subsequence

�
xnij

	
of fxnig such that xnij * v for some v 2 H. From (4.2)

and (4.5), we obtain znij * v and Wnij * v. Recall that S is demiclosed.
Consequently, from (4.5), v 2 F (S). Since T is mean-demiclosed, from
Wnij * v, it follows that v 2 F (T ). Since v 2 F (S) \ F (T ), from a
property (2.1) of the metric projection,


xnij � PF (S)\F (T )xnij ; PF (S)\F (T )xnij � v
�
� 0

for all j 2 N. Since xnij * v and PF (S)\F (T )xn ! bx, passing to the limit
yields hv � bx; bx � vi � 0, which implies that v = bx. Therefore, for any
subsequence fxnig of fxng, there exists a subsequence

�
xnij

	
of fxnig such

that xnij * v = bx. Therefore, xn * bx. This completes the proof. �
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Remark 4.1. Using a mean-valued sequence, the condition xn � wn !
0 becomes dispensable for Theorem 4:1. See also Theorems 1:1 and 1:2 in
Introduction.

The next theorem addresses the quasi-nonexpansive and 2-demiclosed
case:

Theorem 4.2. Let C be a nonempty, closed, and convex subset of a real
Hilbert space H. Let S : C ! C be a quasi-nonexpansive and 2-demiclosed
mapping. Let T : C ! C be a quasi-nonexpansive and mean-demiclosed
mapping. Suppose that F (S)\F (T ) 6= ;. Let PF (S)\F (T ) denote the metric
projection from H onto F (S) \ F (T ). Let fang, fbng, fb0ng, and fcng be
sequences of real numbers in the interval [0; 1] such that an+bn+b0n+cn = 1
for all n 2 N, limn!1anbn > 0, limn!1anb

0
n > 0, and limn!1ancn > 0.

De�ne a sequence fxng in C as follows:

x1 2 C : given,

xn+1 = anyn + bnSzn + b
0
nS

2zn + cn
1

n

n�1X
k=0

T kwn

for all n 2 N, where fyng, fzng, and fwng are sequences in C that satisfy
(4.6)
kyn � qk � kxn � qk , kzn � qk � kxn � qk , and kwn � qk � kxn � qk

for all q 2 F (S) \ F (T ) and n 2 N and

(4.7) xn � yn ! 0 and xn � zn ! 0 .

Then, the sequence fxng converges weakly to a point bx 2 F (S) \ F (T ),
where bx � limn!1 PF (S)\F (T )xn.
Proof. Since S and T are quasi-nonexpansive (3.7), F (S) \ F (T ) is closed
and convex. Since F (S) \ F (T ) 6= ; is assumed, the metric projection
PF (S)\F (T ) from H onto F (S) \ F (T ) is properly de�ned. Letting Wn �
1
n

Pn�1
k=0 T

kwn 2 C, we have xn+1 = anyn+bnSzn+b0nS2zn+cnWn. Observe
that

(4.8) kWn � qk � kxn � qk

for any q 2 F (T ) and n 2 N. This can be shown in the same manner as
(4.3) in the proof of the previous theorem.
We verify that

kxn+1 � qk � kxn � qk
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for any q 2 F (S)\F (T ) and n 2 N. Since S and T are quasi-nonexpansive,
using (4.6) and (4.8), we have

kxn+1 � qk
=


an (yn � q) + bn (Szn � q) + b0n �S2zn � q�+ cn (Wn � q)




� an kyn � qk+ bn kSzn � qk+ b0n



S2zn � q

+ cn kWn � qk
� an kyn � qk+ bn kzn � qk+ b0n kzn � qk+ cn kWn � qk
� an kxn � qk+ bn kxn � qk+ b0n kxn � qk+ cn kxn � qk
= kxn � qk ;

where q 2 F (S)\F (T ) is arbitrarily selected. It follows that (i) fkxn � qkg
converges in R for all q 2 F (S)\F (T ); (ii) fxng is bounded; (iii)

�
PF (S)\F (T )xn

	
converges in F (S)\F (T ) (from Lemma 2.2). We denote bx � limn!1 PF (S)\F (T )xn.
Since fxng is bounded, fzng, fwng, fSzng,

�
S2zn

	
, and fTwng are bounded.

We prove that

(4.9) yn � Szn ! 0, yn � S2zn ! 0, and yn �Wn ! 0:

Employing (2.3), we have

kxn+1 � qk2

=


an (yn � q) + bn (Szn � q) + b0n �S2zn � q�+ cn (Wn � q)



2
� an kyn � qk2 + bn kSzn � qk2 + b0n



S2zn � q

2 + cn kWn � qk2

�anbn kyn � Sznk2 � anb0n


yn � S2zn

2 � ancn kyn �Wnk2

� an kyn � qk2 + bn kzn � qk2 + b0n kzn � qk
2 + cn kWn � qk2

�anbn kyn � Sznk2 � anb0n


yn � S2zn

2 � ancn kyn �Wnk2

� kxn � qk2

�anbn kyn � Sznk2 � anb0n


yn � S2zn

2 � ancn kyn �Wnk2 ;

where q 2 F (S) \ F (T ). This results in

anbn kyn � Sznk2 + anb0n


yn � S2zn

2 + ancn kyn �Wnk2

� kxn � qk2 � kxn+1 � qk2 :

Since fkxn � qkg is convergent, the right-hand side converges to 0. Using
the assumptions on fang, fbng, fb0ng, and fcng, we obtain (4.9), as claimed.
We now prove that

(4.10) zn � Szn ! 0, zn � S2zn ! 0, and xn �Wn ! 0:

Using (4.7) and (4.9) yields

kzn � Sznk � kzn � xnk+ kxn � ynk+ kyn � Sznk ! 0:

Similarly, the same argument shows that zn � S2zn ! 0 and xn �Wn ! 0.
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We aim to prove that xn * bx �� limk!1 PF (S)\F (T )xk�. Let fxnig be
a subsequence of fxng. Since fxnig is bounded, there exists a subsequence�
xnij

	
of fxnig such that xnij * v for some v 2 H. From (4.7), we have

ynij * v, znij * v, and Wnij * v. Since S is 2-demiclosed and T is mean-
demiclosed, using (4.10), we obtain v 2 F (S) \ F (T ). From (2.1), it holds
that 


xnij � PF (S)\F (T )xnij ; PF (S)\F (T )xnij � v
�
� 0

for all j 2 N. Since xnij * v and PF (S)\F (T )xn ! bx, we have hv�bx; bx�vi �
0 and therefore, v = bx. We have shown that, for any subsequence fxnig of
fxng, there exists a subsequence

�
xnij

	
of fxnig such that xnij * v = bx.

This implies that xn * bx. This completes the proof. �

A weak approximation method for quasi-nonexpansive andM -demiclosed
mappings can be established:

Theorem 4.3. Let C be a nonempty, closed, and convex subset of a real
Hilbert space H. Let S : C ! C be a quasi-nonexpansive and M -demiclosed
mapping. Let T : C ! C be a mean-demiclosed mapping. Suppose that
F (S) \ F (T ) 6= ;. Let PF (S)\F (T ) denote the metric projection from H

onto F (S) \ F (T ). Let fang,
n
b
(m)
n

o
, and fcng be sequences of real num-

bers in the interval [0; 1] such that an +
PM
m=1 b

(m)
n + cn = 1 for all n 2 N,

limn!1anb
(m)
n > 0 (8m = 1; � � � ;M), and limn!1ancn > 0. De�ne a se-

quence fxng in C as follows:

x1 2 C : given,

xn+1 = anyn +
MX
m=1

b(m)n Smzn + cn
1

n

n�1X
k=0

T kwn

for all n 2 N, where fyng, fzng, and fwng are sequences in C that satisfy

kyn � qk � kxn � qk , kzn � qk � kxn � qk , and kwn � qk � kxn � qk

for all q 2 F (S) \ F (T ) and n 2 N and

xn � yn ! 0 and xn � zn ! 0 .

Then, the sequence fxng converges weakly to a point bx 2 F (S) \ F (T ),
where bx � limn!1 PF (S)\F (T )xn.
Proof. This result can be veri�ed by applying Lemma 2.3 in place of (2.3) or
(2.4). Since the proof is similar to that of Theorem 4.2, we omit it here. �

Remark 4.2. This sequence of theorems highlights a key strength of the
mean-valued term. Although the Mann�Ishikawa component must be adapted
according to M , the structure of the mean-valued term remains unchanged.
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5. Application to nonlinear mappings

In this section, we apply the main theorems to various types of nonlinear
mappings introduced in Section 3. Recall that, according to Lemmas 3.1
and 3.2,
� a normally generalized hybrid mapping (3.2) is quasi-nonexpansive,

demiclosed, and mean-demiclosed, if it has a �xed point;
� a normally N -generalized hybrid mapping is quasi-nonexpansive, N -

demiclosed, and mean-demiclosed, if it has a �xed point;
For the de�nition of normally N -generalized hybrid mappings, see (3.3)

and (3.4). Therefore, the following corollary is obtained from Theorem 4.1:

Corollary 5.1. Let C be a nonempty, closed, and convex subset of a real
Hilbert space H. Let S : C ! C be a normally generalized hybrid mapping.
Let T : C ! C be a normally N -generalized hybrid mapping for some N 2 N.
Suppose that F (S)\F (T ) 6= ;. Let PF (S)\F (T ) denote the metric projection
from H onto F (S) \ F (T ). Let fang, fbng, and fcng be sequences of real
numbers in the interval [0; 1] such that an + bn + cn = 1 for all n 2 N,
limn!1anbn > 0, and limn!1ancn > 0. De�ne a sequence fxng in C as
follows:

x1 2 C : given,

xn+1 = anyn + bnSzn + cn
1

n

n�1X
k=0

T kwn

for all n 2 N, where fyng, fzng, and fwng are sequences in C that satisfy

kyn � qk � kxn � qk , kzn � qk � kxn � qk , and kwn � qk � kxn � qk
for all q 2 F (S) \ F (T ) and n 2 N and

xn � yn ! 0 and xn � zn ! 0 .

Then, the sequence fxng converges weakly to a point bx 2 F (S) \ F (T ),
where bx � limn!1 PF (S)\F (T )xn.
Remark 5.1. (i) Nonexpansive mappings and generalized hybrid mappings
are particular cases of both normally generalized hybrid mappings and nor-
mally N -generalized hybrid mappings. Therefore, the mappings S and T in
Corollary 5:1 may be taken as such mappings.
(ii) If we additionally assume that C is bounded and ST = TS, then

F (S) \ F (T ) 6= ; is automatically satis�ed; see Theorem 3:1.

By specifying the sequences fyng, fzng, and fwng, we obtain the following
two corollaries:

Corollary 5.2. Let C be a nonempty, closed, and convex subset of H. Let
S : C ! C be a nonexpansive mapping. Let T : C ! C be a normally N -
generalized hybrid mapping for some N 2 N. Suppose that F (S)\F (T ) 6= ;.
Let f�ng and f�ng be sequences of real numbers in the interval [0; 1] such
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that �n ! 1. Let fang, fbng, and fcng be sequences of real numbers in
[0; 1] such that an + bn + cn = 1 for all n 2 N, limn!1anbn > 0, and
limn!1ancn > 0. De�ne a sequence fxng in C as follows:

x1 2 C : given,(5.1)

wn = �nxn + (1� �n)Sxn;

zn = �nxn + (1� �n)
1

n

n�1X
k=0

T kxn:

xn+1 = anxn + bnSzn + cn
1

n

n�1X
k=0

T kwn

for all n 2 N. Then, the sequence fxng converges weakly to a point bx 2
F (S) \ F (T ), where bx � limn!1 PF (S)\F (T )xn.
Proof. By Corollary 5.1, it su¢ ces to verify that kzn � qk � kxn � qk,
kwn � qk � kxn � qk, and xn � zn ! 0. Since S is nonexpansive and has
a �xed point, it is quasi-nonexpansive. Thus, kwn � qk � kxn � qk for all
q 2 F (S) \ F (T ) and n 2 N. Similarly, kzn � qk � kxn � qk holds. Using
these facts, we have

kxn+1 � qk =





anxn + bnSzn + cn 1n

n�1X
k=0

T kwn � q





(5.2)

� an kxn � qk+ bn kSzn � qk+ cn






 1n
n�1X
k=0

T kwn � q







� an kxn � qk+ bn kzn � qk+ cn kwn � qk
� an kxn � qk+ bn kxn � qk+ cn kxn � qk
= kxn � qk

for all q 2 F (S) \ F (T ) and n 2 N. This implies that fxng is bounded.
Consequently, the sequence

n
1
n

Pn�1
k=0 T

kxn

o
is also bounded.

Next, we prove that xn � zn ! 0. It holds that

kxn � znk =





xn �

 
�nxn + (1� �n)

1

n

n�1X
k=0

T kxn

!





= (1� �n)






xn � 1

n

n�1X
k=0

T kxn






 :
Since fxng and

n
1
n

Pn�1
k=0 T

kxn

o
are bounded, from the assumption �n ! 1,

we obtain xn � zn ! 0. This completes the proof. �
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Remark 5.2. The condition �n ! 1 is not required because xn � wn ! 0
is not necessary to apply Corollary 5:1. This advantage stems from the use

of the mean-valued sequence
n
1
n

Pn�1
k=0 T

kwn

o
. See also Remark 4:1.

Two-step iterative methods such as (5.1) or (1.4) have been studied in
Ishikawa [11], Berinde [3, 4], and Tan and Xu [46]. Our framework also
generates three-step and more general iterative schemes. For three-step
iterative methods, see Noor [34] and Phuengrattana and Suantai [35].
We also obtain the following result:

Corollary 5.3. Let C be a nonempty, closed, and convex subset of H. Let
S : C ! C be a nonexpansive mapping. Let T : C ! C be a normally N -
generalized hybrid mapping for some N 2 N. Suppose that F (S)\F (T ) 6= ;.
Let f�ng ; f�ng ; and f�ng be sequences of real numbers in [0; 1] such that
�n+�n+ �n = 1 and �n ! 1. Let fang, fbng, and fcng be sequences of real
numbers in [0; 1] such that an+ bn+ cn = 1 for all n 2 N, limn!1anbn > 0,
and limn!1ancn > 0. De�ne a sequence fxng in C as follows:

x1 2 C : given,(5.3)

zn = �nxn + �nTxn + �nT
2xn;

xn+1 = anxn + bnSzn + cn
1

n

n�1X
k=0

T kxn

for all n 2 N. Then, the sequence fxng converges weakly to a point bx 2
F (S) \ F (T ), where bx � limn!1 PF (S)\F (T )xn.
Proof. By Corollary 5.1, it su¢ ces to show that kzn � qk � kxn � qk and
xn � zn ! 0. Let q 2 F (S) \ F (T ). Since T is a normally N -generalized
hybrid mapping with a �xed point, it is quasi-nonexpansive. Thus, it follows
that

kzn � qk =


�nxn + �nTxn + �nT 2xn � q



� �n kxn � qk+ �n kTxn � qk+ �n


T 2xn � q



� �n kxn � qk+ �n kxn � qk+ �n kTxn � qk
� �n kxn � qk+ �n kxn � qk+ �n kxn � qk
= kxn � qk

for all n 2 N. Using this, we have kxn+1 � qk � kxn � qk. This part can be
shown in a similar manner as (5.2). Thus, fxng is bounded. Furthermore,
fTxng and

�
T 2xn

	
are also bounded. Indeed,

T 2xn

 � 

T 2xn � q

+ kqk

� kTxn � qk+ kqk
� kxn � qk+ kqk :

Since fxng is bounded, fTxng and
�
T 2xn

	
are also bounded, as claimed.
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Note that since �n ! 1, it holds that �n; �n ! 0. Therefore,

kxn � znk =


xn � ��nxn + �nTxn + �nT 2xn�



� (1� �n) kxnk+ �n kTxnk+ �n


T 2xn

! 0:

This completes the proof. �

Setting �n = 0 for all n 2 N in (5.3), we obtain the following iterative
rule:

zn = �nxn + (1� �n)Txn;(5.4)

xn+1 = anxn + bnSzn + cn
1

n

n�1X
k=0

T kxn:

Similarly, setting �n = 0, we obtain

zn = �nxn + (1� �n)T 2xn;

xn+1 = anxn + bnSzn + cn
1

n

n�1X
k=0

T kxn:

Setting �n = 1 (, �n = �n = 0), we obtain the following basic iterative
scheme:

xn+1 = anxn + bnSxn + cn
1

n

n�1X
k=0

T kxn:

For other types of variation, see, e.g., Kondo [19, 21, 25, 27].
By Lemma 3.2, the case where S is a normallyM -generalized hybrid map-

ping falls within the scope of Theorem 4.3. Hence, we obtain the following:

Corollary 5.4. Let C be a nonempty, closed, and convex subset of H.
Let S; T : C ! C be normally M -generalized hybrid and normally N -
generalized hybrid mappings for some M;N 2 N, respectively. Suppose that
F (S) \ F (T ) 6= ;. Let fang,

n
b
(m)
n

o
, and fcng be sequences of real num-

bers in the interval [0; 1] such that an +
PM
m=1 b

(m)
n + cn = 1 for all n 2 N,

limn!1anb
(m)
n > 0, and limn!1ancn > 0. De�ne a sequence fxng in C as

follows:

x1 2 C : given,

xn+1 = anyn +
MX
m=1

b(m)n Smzn + cn
1

n

n�1X
k=0

T kwn

for all n 2 N, where fyng, fzng, and fwng are sequences in C that satisfy

kyn � qk � kxn � qk , kzn � qk � kxn � qk , and kwn � qk � kxn � qk
for all q 2 F (S) \ F (T ) and n 2 N and

xn � yn ! 0 and xn � zn ! 0 .
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Then, the sequence fxng converges weakly to a point bx 2 F (S) \ F (T ),
where bx � limn!1 PF (S)\F (T )xn.
A normally generalized hybrid mapping (3.2) with a �xed point is quasi-

nonexpansive and demiclosed (Lemma 3.1) and every demiclosed mapping
is 2-demiclosed (3.9); recall the inclusion (3.10). Consequently, Theorem 4.2
yields the following:

Corollary 5.5. Let C be a nonempty, closed, and convex subset of H. Let
S : C ! C be a normally generalized hybrid mapping. Let T : C ! C
be a normally N -generalized hybrid mapping for some N 2 N. Suppose
that F (S) \ F (T ) 6= ;. Let fang, fbng, fb0ng, and fcng be sequences of
real numbers in the interval [0; 1] such that an + bn + b0n + cn = 1 for all
n 2 N, limn!1anbn > 0, limn!1anb0n > 0, and limn!1ancn > 0. De�ne a
sequence fxng in C as follows:

x1 2 C : given,

xn+1 = anyn + bnSzn + b
0
nS

2zn + cn
1

n

n�1X
k=0

T kwn

for all n 2 N, where fyng, fzng, and fwng are sequences in C that satisfy

kyn � qk � kxn � qk , kzn � qk � kxn � qk , and kwn � qk � kxn � qk

for all q 2 F (S) \ F (T ) and n 2 N and

xn � yn ! 0 and xn � zn ! 0 .

Then, the sequence fxng converges weakly to a point bx 2 F (S) \ F (T ),
where bx � limn!1 PF (S)\F (T )xn.
A comparison between Corollaries 5.1 and 5.5 is instructive.

6. Application to a linear split feasibility problem

Fixed point theory is known to be e¤ective for analyzing split feasibility
problems (SFPs). SFPs were introduced by Censor and Elfving [6]. See also
Takahashi [43], Hao and Zhao [7], and Kondo [24]. This type of problem
has been extended to split common null point problems and other types of
formulation; see [5, 39]. In this section, we investigate how to �nd a common
solution of a SFP and a �xed point problem by applying Corollary 5.3 with
(5.4). In particular, we focus on the linear case.
We �rst present a linear analogue of Lemma 2.1, which is presented in

Takahashi [41] as Problem 5.2.3. For completeness, we reproduce a proof:

Lemma 6.1. Let H be a real Hilbert space and L a subspace of H. Let
x 2 H and p 2 L. Then, the following two statements are equivalent:
(i) hx� p; zi = 0 for all z 2 L;
(ii) kx� pk � kx� zk for all z 2 L.
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Proof. We �rst prove the part (i)=)(ii). Let z 2 L. From Lemma 2.1, it is
su¢ cient to show that hx� p; p� zi � 0. Since p; z 2 L and L is a linear
subspace of H, we have p� z 2 L. Thus, (i) implies hx� p; p� zi = 0 � 0.
We now prove the converse implication (ii)=)(i). Let z 2 L. Our aim is

to prove that hx� p; zi = 0. Since (ii) is assumed, Lemma 2.1 implies that
the following holds:

(6.1) hx� p; p� ui � 0 for all u 2 L:

Setting u = p � z 2 L in (6.1) results in hx� p; zi � 0, and setting u =
p + z 2 L results in hx� p; zi � 0. Consequently, hx� p; zi = 0 holds.
This completes the proof. �

If L is a closed subspace of H, then the metric projection PL : H ! L
exists and it is linear. Moreover, we have

(6.2) hx� PLx; zi = 0 for all x 2 H and z 2 L

by (i) in Lemma 6.1.
Let H and H 0 be real Hilbert spaces and let L (� H) and Q (� H 0) be

closed subspaces of H and H 0, respectively. Let A : H ! H 0 be a bounded
linear operator such that A 6= O and let A� : H 0 ! H denote its adjoint,
where O is the zero mapping. The SFP is formulated as follows:

(SFP) Find bx 2 L \A�1Q:
To apply �xed point theory to linear SFPs, we establish the following

lemma:

Lemma 6.2. Let H and H 0 be real Hilbert spaces and let L (� H) and
Q (� H 0) be closed subspaces of H and H 0, respectively. Let PL : H ! L
and PQ : H 0 ! Q be the metric projections. Let A : H ! H 0 be a bounded
linear operator such that A 6= O and let A� : H 0 ! H denote its adjoint.
Then,

L \A�1Q = F (PL (I � �A� (I � PQ)A))
holds for all � 6= 0.

Proof. Note that L \ A�1Q 6= ;, since both L and A�1Q are subspaces of
H. We verify the inclusion (�). Let x 2 L \ A�1Q, in other words, x 2 L
and Ax 2 Q. From x 2 L, it holds that PLx = x. Since Ax 2 Q, we have
that PQAx = Ax. Consequently,

PL (I � �A� (I � PQ)A)x = PL (x� �A� (Ax� PQAx))
= PL (x� �A�0) = PLx = x;

which implies that x 2 F (PL (I � �A� (I � PQ)A)).
Next, we prove the converse inclusion (�). Let x 2 F (PL (I � �A� (I � PQ)A)),

where � 6= 0 is arbitrary. Then,

x = PL (x� �A� (Ax� PQAx)) :
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From this, x 2 L follows. Our aim is to prove that Ax 2 Q. From (6.2), it
follows that

h(x� �A� (Ax� PQAx))� x; x� hi = 0 for all h 2 L,

because x� h 2 L. Since � 6= 0,

hA� (Ax� PQAx) ; h� xi = 0 for all h 2 L:

Since A� is the adjoint operator of A,

(6.3) hAx� PQAx; Ah�Axi = 0 for all h 2 L:

Let x0 2 L \ A�1Q, that is, x0 2 L and Ax0 2 Q. Setting h = x0 2 L in
(6.3) yields

(6.4) hAx� PQAx; Ax0 �Axi = 0:

On the other hand, from Ax0 2 Q and (6.2),

(6.5) hAx� PQAx; PQAx�Ax0i = 0;

since PQAx�Ax0 2 Q. Summing (6.4) and (6.5), we obtain

hAx� PQAx; PQAx�Axi = 0:

Hence, Ax = PQAx, and therefore Ax 2 Q, which completes the proof. �

Remark 6.1. We compare this lemma with Lemma 7:2 in Kondo [24], which
addresses the general case of nonempty closed convex sets. The following
di¤erences are noteworthy:
(i)Whereas Lemma 7:2 in Kondo [24] requires the assumption L\A�1Q 6=

;, this condition is unnecessary in Lemma 6:2, since it holds automatically
when L and Q are linear subspaces.
(ii) In Lemma 6:2, the parameter � need not be positive, whereas � > 0 is

assumed in Lemma 7:2 of Kondo [24].

We present an example illustrating Lemma 6.2. For simplicity, let Q =
f0g � H 0. Then, by Lemma 6.2,

(6.6) L \A�10 = F (PL (I � �A�A)) for all � 6= 0:

Example 6.1. Set H = R3, H 0 = R, A =
�
�1 0 1

�
, and L =8<:

0@ x
y
z

1A 2 R3 : z = 0

9=;, where A is a 1 � 3 matrix. We verify identity

(6.6). First, note that

A�1Q = A�10 =

8<:
0@ x
y
z

1A 2 R3 : x = z

9=; :
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In this case,

L \A�1Q =

8<:
0@ x
y
z

1A 2 R3 : x = z = 0

9=; = y-axis:

Next, we will compute F (PL (I � �A�A)) for � 6= 0. Note that

PL =

0@ 1 0 0
0 1 0
0 0 0

1A :
Since A =

�
�1 0 1

�
, we have

A�A =

0@ �1
0
1

1A� �1 0 1
�
=

0@ 1 0 �1
0 0 0
�1 0 1

1A ;
I � �A�A =

0@ 1� � 0 �
0 1 0
� 0 1� �

1A ; and
PL (I � �A�A) =

0@ 1 0 0
0 1 0
0 0 0

1A0@ 1� � 0 �
0 1 0
� 0 1� �

1A
=

0@ 1� � 0 �
0 1 0
0 0 0

1A ;
where I denotes the 3� 3 identity matrix. To compute F (PL (I � �A�A)),
we solve 0@ 1� � 0 �

0 1 0
0 0 0

1A0@ x
y
z

1A =

0@ x
y
z

1A ;
which yields x = z = 0. Therefore,

F (PL (I � �A�A)) =

8<:
0@ x
y
z

1A 2 R3 : x = z = 0

9=; = y-axis:

This con�rms that (6.6) holds true. �
Assume in (6.6) that L = H. Then, we have

(6.7) A�10 = F (I � �A�A) for all � 6= 0:

Example 6.2. Set H = H 0 = R2 and A =
�
1 1
2 2

�
. We verify identity

(6.7). The kernel of A is

A�10 =

��
x
y

�
2 R2 : x+ y = 0

�
:
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Furthermore,

A�A =

�
1 2
1 2

��
1 1
2 2

�
=

�
5 5
5 5

�
and

I � �A�A =
�
1� 5� �5�
�5� 1� 5�

�
:

We will compute F (I � �A�A). Solving�
1� 5� �5�
�5� 1� 5�

��
x
y

�
=

�
x
y

�
for � 6= 0 yields x+ y = 0. Thus,

F (I � �A�A) =
��

x
y

�
2 R2 : x+ y = 0

�
;

which con�rms that (6.7) holds true. �
Let C be a nonempty subset of a real Hilbert space H. A mapping

T : C ! H is said to be K-Lipschitz continuous if there exists K > 0 such
that

kTx� Tyk � K kx� yk for all x; y 2 C:
A mapping T : C ! H is called �rmly nonexpansive if

(6.8) kTx� Tyk2 � hx� y; Tx� Tyi for all x; y 2 C.
A mapping is 1-Lipschitz continuous if and only if it is nonexpansive. Any
�rmly nonexpansive mapping is nonexpansive. The metric projection is
�rmly nonexpansive and hence nonexpansive.
We aim to present an iterative method to solve a SFP and �xed point

problem simultaneously. The following lemma provides a key Lipschitz es-
timate:

Lemma 6.3. Let H and H 0 be real Hilbert spaces. Let A : H ! H 0 be a
bounded linear operator such that A 6= O and let A� : H 0 ! H denote its
adjoint. Let L be a nonempty subset of H and P : H ! L be a K-Lipschitz
continuous mapping. Let V : H 0 ! H 0 be a �rmly nonexpansive mapping.

Then, for every � 2
h
0; 2

kAA�k

i
, the mapping P (I � �A� (I � V )A) : H !

L is K-Lipschitz continuous. In particular, if P : H ! L is nonexpansive,
the mapping P (I � �A� (I � V )A) : H ! L is also nonexpansive for all

� 2
h
0; 2

kAA�k

i
.

For a proof of this lemma, see Lemma 7.6 in Kondo [24]. Using Lemmas
6.2 and 6.3 and Corollary 5.3 with (5.4), we obtain the following theorem,
which demonstrates how to �nd a common solution of a linear SFP and a
�xed point problem:

Theorem 6.1. Let H and H 0 be real Hilbert spaces. Let L (� H) and
Q (� H 0) be closed subspaces, let PL : H ! L and PQ : H 0 ! Q be the
metric projections, and let T : L ! L be a normally N -generalized hybrid
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mapping. Let A : H ! H 0 be a bounded linear operator such that A 6= O.
Assume that


 � L \A�1Q \ F (T ) 6= ;:
Denote by P
 the metric projection from H onto 
. Let f�ng be a sequence
of real numbers in the interval [0; 1] such that �n ! 1. Let fang, fbng, and
fcng be sequences of real numbers in [0; 1] such that an+ bn+ cn = 1 for all
n 2 N, limn!1anbn > 0, and limn!1ancn > 0. Let � 2

�
0; 2

kAA�k

i
, where

A� is the adjoint operator of A. De�ne a sequence fxng in L as follows:
x1 2 L : given,
zn = �nxn + (1� �n)Txn;

xn+1 = anxn + bnPL (I � �A� (I � PQ)A) zn + cn
1

n

n�1X
k=0

T kxn

for all n 2 N. Then, the sequence fxng converges weakly to an elementbx 2 
, where bx � limn!1 P
xn.
Proof. Since A is linear, A�1Q is a subspace of H. Since A is continuous,
A�1Q is closed in H. Consequently, L \ A�1Q is a closed subspace of H.
Since 
 � L \ A�1Q \ F (T ) 6= ; is assumed and 
 � F (T ), F (T ) is also
nonempty. Since T : L ! L is a normally N -generalized hybrid mapping
with F (T ) 6= ;, from Lemma 3.2, it is quasi-nonexpansive. Therefore, F (T )
is closed and convex; for this point, see Itoh and Takahashi [12] or Kocourek
et al. [13]. Since 
 is nonempty, closed, and convex subset of H, the metric
projection P
 is properly de�ned.
Since the metric projections are �rmly nonexpansive, they are nonexpan-

sive. Since � 2
�
0; 2

kAA�k

i
�
h
0; 2

kAA�k

i
, from Lemma 6.3, the mapping

PL (I � �A� (I � PQ)A) from H into L is nonexpansive. Since T : L ! L,
the sequences fzng and fxng are properly de�ned as sequences in L.
Since � 6= 0, from Lemma 6.2, it holds that

F (PL (I � �A� (I � PQ)A)) = L \A�1Q;
which implies that

F (PL (I � �A� (I � PQ)A)) \ F (T ) = L \A�1Q \ F (T ) = 
:
From the above, we can apply Corollary 5.3 with (5.4) by taking

S = PL (I � �A� (I � PQ)A) ;
which yields the desired result. �
Recall that a normally N -generalized hybrid mapping is not necessarily

continuous; see the examples presented in Section 3.
Let T : L! L be a linear and orthogonal transformation, i.e., kTuk = kuk

for all u 2 H. Then, it is nonexpansive. Since T is linear, F (T ) is a
subspace of L. Since T is nonexpansive, it is normally N -generalized hybrid.
Therefore, we obtain the following result:
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Theorem 6.2. Let H and H 0 be real Hilbert spaces. Let L (� H) and
Q (� H 0) be closed subspaces, let PL : H ! L and PQ : H 0 ! Q be the
metric projections, and let T : L! L be an orthogonal transformation. Let
A : H ! H 0 be a bounded linear operator such that A 6= O. De�ne


 � L \A�1Q \ F (T )
and denote by P
 the metric projection from H onto 
. Let f�ng be a
sequence of real numbers in the interval [0; 1] such that �n ! 1. Let fang,
fbng, and fcng be sequences of real numbers in [0; 1] such that an+bn+cn = 1
for all n 2 N, limn!1anbn > 0, and limn!1ancn > 0. Let � 2

�
0; 2

kAA�k

i
,

where A� is the adjoint operator of A. De�ne a sequence fxng in L as
follows:

x1 2 L : given,
zn = �nxn + (1� �n)Txn;

xn+1 = anxn + bnPL (I � �A� (I � PQ)A) zn + cn
1

n

n�1X
k=0

T kxn

for all n 2 N. Then, the sequence fxng converges weakly to an elementbx 2 
, where bx � limn!1 P
xn.
The assumption 
 6= ; is unnecessary, since 
 is a subspace of H (and

thus contains the origin). See also Remarks 5.1-(ii) and 6.1-(i).

7. Concluding Remarks

In this paper, the iterative scheme generating method (ISGM) was ex-
tended to incorporate a mixed structure of Mann�Ishikawa type iterations
and averaging sequences, allowing the uni�ed treatment of iterations based
on �nite powers of mappings and Cesàro-type means within a single frame-
work. One advantage of using the mean-valued sequence is shown in Re-
marks 4.1 and 5.2.
The class of admissible mappings was expanded to cover wide classes

of nonlinear mappings. In particular, continuity assumptions were not re-
quired, and several examples of discontinuous mappings satisfying the pro-
posed conditions were presented. As an application, the proposed framework
was applied to linear split feasibility problems, and concrete examples were
provided to illustrate the targeted �xed point set.
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