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Abstract

We investigate the convergence properties of a stochastic adaptive learning model
that overlaps with the models of experience-weighted attraction learning and stochastic
fictitious play learning. In the model, each adaptive player assigns a payoff assessment
to each of her strategies, chooses a strategy with the highest randomly perturbed as-
sessment, observes payoffs for both chosen and unchosen strategies, and updates her
assessments towards the observed payoffs. In particular, we focus on the case in which
adaptive players repeatedly face a fixed dominance-solvable game in pure strategies,
that is, a game in which a unique strategy profile survives iterated elimination of
strategies strictly dominated by pure strategies. We provide conditions under which
the stochastic adaptive learning process, the sequence of players’ choice probability
profiles, almost surely converges to a logit quantal response equilibrium (LQRE) cor-
responding to the uniquely surviving strategy profile. In contrast, we show that, as
in the rational-players argument, heterogeneity among adaptive players affects the al-
most sure convergence result. In particular, players’ random choice behaviour and the
rates at which they incorporate new payoff information into payoff assessments affect
almost sure convergence to the surviving strategy profile. Lastly, we consider a more
general learning model overlapping with payoff-assessment learning and delta learning,
in which adaptive players may not observe foregone (counterfactual) payoffs, and show
that the process converges to the LQRE with positive probability.
Keywords: Stochastic adaptive learning; stochastic fictitious play; experience-weighted
attraction learning; payoff-assessment learning; dominance-solvable games; iterated
elimination of dominated strategies; logit quantal response equilibrium

JEL classification: C72; D83
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1 Introduction

If rational players face games with dominated strategies, we predict that they do not choose
dominated strategies and do not expect other rational players to choose them. In addition,
if “new” dominated strategies emerge after eliminating the “original” dominated strategies,
rational players neither choose these new dominated strategies nor expect others to choose
them. If only one strategy profile survives after the iterated elimination of dominated
strategies, we use the surviving strategy profile to predict the behaviour of rational players.

For the emergence of such a strategy profile, however, we require each rational player to
possess a high level of knowledge and reasoning ability. In particular, (i) players must know
the game and the rationality of the other players, so that they recognise the existence of
dominated strategies and understand that rational players do not choose them; (ii) given
this, players expect to face the reduced game obtained by eliminating those dominated
strategies, and if dominated strategies exist in the reduced game, they know that those
strategies will also not be played by rational players; (iii) if the iterative procedure yields
a single surviving strategy profile, rational players will choose that profile. If, for instance,
(i) some player chooses a dominated strategy, (ii) some players do not know the payoff
functions, or (iii) players cannot reason iteratively, then the surviving strategy profile may
not provide an accurate prediction of behaviour, and we may instead require a different
model or equilibrium concept.1

There is another perspective on the surviving strategy profile as a prediction of players’
behaviour, namely the evolutionary/learning-in-games viewpoint, which does not require
players to possess the high level of knowledge and reasoning power described above. In-
stead, through experience, players learn about the environment that they face and even-
tually choose the surviving strategy profile. In particular, by repeatedly playing the game
over periods, they observe payoffs and/or the behaviour of other players, learn that domi-
nated strategies are unfavourable, and choose them less often. Once dominated strategies
are played less often, players face the reduced game in later periods. Again, through ex-
perience, they learn not to choose new dominated strategies in this reduced game. In the
end, if only one strategy profile survives the iterated elimination of dominated strategies,
players learn and end up choosing the surviving strategy profile.

One intriguing question in the evolutionary/learning-in-games viewpoint, which is not
well addressed comparing with the rational players’ viewpoint, concerns how heterogeneities
on players’ learning and choice behaviour affect the surviving strategy profile as a predic-
tion for their long-run behaviour. For instance, in the rational players’ viewpoint, if one
player is not fully rational and chooses a dominated strategy, then the surviving strategy
profile may not be played and may fail to provide an accurate prediction of their behaviour.
In such a case, if rational players know that a bounded rational player chooses a dominated
strategy, then rational players will respond to this fact and may choose a strategy profile

1For instance, Kreps et al. (1982) consider a player who commits to a dominated strategy and show
that behaviour deviates from the surviving strategy profile in finitely repeated prisoner’s dilemma games.
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that differs from the surviving strategy profile. That is, rational players’ viewpoint requires
all players to be rational and possess high levels of knowledge and reasoning ability. In
the evolutionary/learning-in-games viewpoint, we may obtain a similar consequence if we
introduce heterogeneity among players or differences in how they respond to new experi-
ence. However, there exists little discussion of what types of heterogeneity among learners
may affect the result. In particular, we may not know how learners’ perspective on the
game, the randomness in their choices, or their attitudes toward new experience affect the
outcome.

In this paper, we consider the case in which adaptive players repeatedly face a fixed
dominance solvable game in pure strategies, in which a unique strategy profile survives the
iterated elimination of strategies strictly dominated by other pure strategies. This serves
as a first step toward investigating how heterogeneity among adaptive players affects their
long-run behaviour. We focus on a stochastic adaptive learning model that overlaps with
experience-weighted attraction learning (EWAL hereafter; Camerer and Ho, 1999) and
stochastic fictitious play learning (SFPL hereafter; Fudenberg and Kreps, 1993). In the
model, in each period, each adaptive player assigns a payoff assessment to each of her
actions, chooses an action with the highest randomly perturbed assessment, observes the
payoffs for chosen and unchosen actions, and adjusts the assessments toward the observed
payoffs. We then provide conditions under which the stochastic adaptive learning process,
that is, the sequence of the choice probability profiles of adaptive players, almost surely
converges to the uniquely surviving strategy profile. In particular, when each player follows
the logit choice rule and each player’s precision parameter is sufficiently high, we obtain
almost sure convergence to the logit quantal response equilibrium (McKelvey and Palfrey,
1995) corresponding to the surviving strategy profile.

In contrast, we also investigate the case in which the conditions above are not satisfied
and show that the stochastic adaptive process almost surely converges to a strategy profile
that differs from the uniquely surviving strategy profile. In particular, we consider the case
in which there exist three players and the precision parameter of one adaptive player is not
sufficiently high and the parameters of the remaining adaptive players are sufficiently high.
In this case, although the stochastic adaptive learning process almost surely converges to
a logit quantal response equilibrium, the corresponding strategy profile differs from the
surviving strategy profile. In particular, the adaptive players with high precision parame-
ters choose dominated strategies with probabilities close to one, even though the adaptive
player with a low precision parameter ends up choosing the dominating strategy with the
highest probability.

We also consider the cases in which (i) the weight on new payoff information remains
constant in each period and (ii) the randomness in players’ choice decrease over periods.
Case (i) represents a situation in which adaptive players put more weight on recent expe-
rience, which may be reasonable when players expect that the environment that they face
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is not stationary.2 If such a player exists, we show that the adaptive players’ behaviour
may fail to converge almost surely. In Case (ii), even when players behave as in Case (i),
we obtain almost sure convergence to the surviving strategy profile, rather than the corre-
sponding LQRE, as the randomness vanishes. Therefore, almost sure convergence depends
on how players perceive the environment and on the level of randomness in their choices.

We also consider the case in which players may not utilise foregone (counterfactual)
payoff information. In particular, we investigate a more general adaptive learning model
that overlaps with payoff assessment learning and delta learning. By utilising the argument
of Funai (2025), we show that the probability that the stochastic adaptive learning process
converges to the LQRE corresponding to the surviving strategy profile is positive. In
particular, if the assessment profile becomes close to the payoff profile of the surviving
strategy profile in later periods, then the probability of convergence becomes close to one.
We also obtain a convergence result when adaptive players’ randomness is sufficiently high.
By applying the argument in Funai (2019), we show that the stochastic adaptive learning
process of the general model converges to a unique LQRE.

The argument in the evolutionary/learning-in-games literature suggests that evolution-
ary and learning models can substitute the high level of knowledge and deductive reasoning
traditionally assumed for players to obtain the result.3 That is, without assuming that each
player knows her opponents’ payoff functions, their rationality, or their knowledge of her
rationality, we can show that adaptive players end up playing the surviving strategy pro-
file. However, if there exist heterogeneities among adaptive players, we may not obtain the
result even when the learning process itself converges to an equilibrium. Just as traditional
game theory requires all players to possess high level of knowledge and reasoning ability,
learning models also require certain behavioural properties of players in order to ensure
convergence to the surviving strategy profile.

The rest of the paper is organised as follows. In Section 2, we provide a formal de-
scription of the game that adaptive players repeatedly face and specify their updating and
choice rules. In Section 3, we provide conditions for almost sure convergence to the LQRE
corresponding to the surviving strategy profile. In Section 4, we provide an example in
which some of the conditions above are violated. In this case, we obtain almost sure con-
vergence to an LQRE corresponding to a strategy profile at which adaptive players with
high precision parameters choose dominated strategies. In Section 5, we consider the case
in which players’ precision parameters increase over periods and provide conditions for
almost sure convergence to the surviving strategy profile. In Section 6, we consider the
case in which the weight on new payoff information in the updating rule stays constant
and show that the process does not almost surely converge when the precision parameters
are fixed over periods but does almost surely converge when they increase. In Section 7,
we investigate the convergence properties of a more general adaptive learning process in

2See Sarin and Vahid (1999) and Sutton and Barto (2018).
3See Young (1998) for instance.
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which adaptive players may not obtain foregone (counterfactual) payoff information. In
Section 8, we provide a brief literature review, and in Section 9, we conclude.

2 Model

2.1 Base game

We consider the situation in which, in each period n ∈ N = {0, 1, 2, ...}, adaptive players
face a fixed finite normal form game G = (I, S, π), where (i) I := {1, ..., I} denotes the set
of I adaptive players; (ii) S = ×i∈ISi denotes the set of strategy profiles, where Si is the set
of player i’s strategies; and (iii) π = (πi)i∈I : S → R

I denotes the payoff function, where
πi is player i’s payoff function, and πi(s) denotes player i’s payoff for strategy profile s ∈ S.
In particular, we also write the payoff of player i for strategy profile s = (s1, ..., sI) as
πi(s) = πi(si, s−i) to emphasise that player i receives the payoff when she chooses strategy
si ∈ Si and the other players choose s−i = (s1, ..., si−1, si+1, ..., sI) ∈ S−i := ×j 6=iSj , where
S−i is the set of strategy profiles of all players except player i.

As in the standard approach, we extend the domain of the payoff function to the set of
mixed strategies. Let πi(x) denote player i’s expected payoff given players’ mixed strategy
profile x = (x1, ..., xI) ∈ ∆ := ×i∈I∆(Si), where ∆(Si) := {xi ∈ [0, 1]|Si| :

∑
si∈Si xi,si = 1}

denotes the set of mixed strategies of player i. Here, xi = (xi,si)si denotes player i’s mixed
strategy, and xi,si denotes the probability that the mixed strategy xi assigns to strategy
si. In particular, πi(x) is defined as follows: for each i ∈ I and x ∈ ∆,

πi(x) =
∑

s=(s1,...,sI)∈S

πi(s)
∏
j∈I

xj,sj .

This definition reflects the assumption that players’ mixed strategies are independent. Let
πi(si, x−i) denote the expected payoff of player i when she chooses si with probability
one and her opponents follow the mixed strategy profile x−i = (x1, ..., xi−1, xi+1, ..., xI) ∈
∆−i := ×j 6=i∆(Sj). That is,

πi(si, x−i) =
∑

s−i∈S−i

πi(si, s−i)
∏
j 6=i

xj,sj .

In this paper, we investigate the case in which adaptive players repeatedly face a fixed
dominance solvable games. In particular, we focus on games in which a unique strategy
profile survives the iterated elimination of strategies that are strictly dominated by pure
strategies, but not by non-degenerate mixed strategies. For player i, we say that si ∈ Si
strictly dominates ti ∈ Si (or equivalently, that ti is strictly dominated by si) if πi(si, s−i) >
πi(ti, s−i) for any s−i ∈ S−i. We then define dominance solvable games as follows.

First, let G0 = (I, S0, π0) = (I, S, π) denote the original normal form game. Suppose
that in G0, there exists a player i1 ∈ I who has strictly dominated strategies (by pure
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strategies). Then define G1 = (I, S1, π1) as the game obtained by eliminating all strictly
dominated strategies of player i1. More precisely, in the game G1, (i) the set of players
in G1 is the same as in G0; (ii) the reduced strategy profile set is given by S1 := ×i∈IS1

i ,
where S1

i denotes the set of strategies of player i after eliminating the strictly dominated
strategies of player i1, that is,

S1
i =

{
S0
i for any i 6= i1 and

S1
i1

= S0
i1
\ {ti1 ∈ S0

i1
: ti1 is strictly dominated by some si1 ∈ S0

i1
in G0} for i = i1;

and (iii) the payoff function π1 : S1 → R
I is a restriction of π0 to S1, that is, π1(s) = π0(s)

for each s ∈ S1.
Next, for k ≥ 2, we define the game Gk = (I, Sk, πk) recursively. Suppose that in

the game Gk−1, there exists a player ik ∈ I who has strictly dominated strategies. Then
let Gk = (I, Sk, πk) be the game which is obtained by eliminating all strictly dominated
strategies of player ik in the game Gk−1. More precisely, in the game Gk, (i) the set of
players in Gk is the same as in Gk−1; (ii) Sk := ×i∈ISki , where Ski denotes the set of
strategies of player i after eliminating strictly dominated strategies of player ik in game
Gk−1, that is,

Ski =


Sk−1i for any i 6= ik and

Skik = Sk−1ik
\ {tik ∈ S

k−1
ik

: tik is strictly dominated by some sik ∈ S
k−1
ik

in Gk−1}
for i = ik;

and (iii) πk : Sk → R
I is a restriction of πk−1 to Sk, that is, πk(s) = πk−1(s) for each

s ∈ Sk.
Finally, for some k, if there exists no player who has strictly dominated strategies in

game Gk, then Gk+1 = Gk and let S∞ := ∩∞k=0S
k. If S∞ is a singleton, then we say that

game G is dominance solvable.

2.2 Nash equilibrium and logit quantal response equilibrium

In this section, we introduce two equilibrium concepts, Nash equilibrium and logit quantal
response equilibrium (McKelvey and Palfrey, 1995; hereafter LQRE), as potential conver-
gence targets of the stochastic adaptive learning process.

We say that s∗ = (s∗i )i∈I ∈ S is a Nash equilibrium if the following condition holds: for
each i and si ∈ Si,

πi(s
∗
i , s
∗
−i) ≥ πi(si, s∗−i).

In particular, if the above inequality holds strictly, that is, if

πi(s
∗
i , s
∗
−i) > πi(si, s

∗
−i)
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for each i and si 6= s∗i , we call s∗ ∈ S a strict Nash equilibrium.
We say that x∗ = (x∗i,si)i∈I,si∈Si ∈ ∆ is an LQRE if the following condition holds: for

each i and si ∈ Si,

x∗i,si =
exp(σiπ

∗
i,si

)∑
ti∈Si exp(σiπ∗i,ti)

,

where (i) σi denotes player i’s precision parameter for the choice rule and (ii) π∗i,si denotes
player i’s equilibrium payoff for strategy si, that is,

π∗i,si =πi(si, x
∗
−i) =

∑
s−i∈S−i

πi(si, s−i)x
∗
−i,s−i

=
∑

s−i∈S−i

πi(si, s−i)
∏
j 6=i

exp(σjπ
∗
j,sj

)∑
tj

exp(σjπ∗j,tj )
,

where (a) x∗−i = (x∗j )j 6=i denotes the LQRE strategy profile except player i and (b)

x∗−i,s−i :=
∏
j 6=i

exp(σjπ
∗
j,sj

)∑
tj

exp(σjπ∗j,tj
) denotes the probability that players except player i choose

a strategy profile s−i = (s1, ..., si−1, si+1, ..., sI). Note that (i) players’ choices are assumed
to be independent and (ii) players’ precision parameters are allowed to differ.4

In the following sections, we investigate the case in which, when the precision parame-
ters of adaptive players are sufficiently high, the sequence of their choice probability profiles
(stochastic adaptive learning process) converges to the LQRE that corresponds to (or is
closest to) a surviving strategy profile. More formally, for ε > 0, we say that an LQRE x∗

is ε-close to a strategy profile s∗ if ||x∗−s∗||∞ < ε, where, with slight abuse of notation, s∗

also denotes the mixed strategy profile which assigns probability one to the pure strategy
profile s∗. We then show that, for any ε > 0, the stochastic adaptive learning process
almost surely converges to an LQRE which is ε-close to the surviving strategy profile when
the precision parameters of adaptive players are sufficiently high.

One question which may arise is whether there exists an LQRE which is ε-close to
the surviving strategy profile. Note that, for each dominance-solvable game, the surviving
strategy profile is a strict Nash equilibrium. By following the argument of Funai (2025),
we can show that there exists an LQRE x∗ which is ε-close to the surviving strategy profile
s∗ for sufficiently high precision parameters.

4If each adaptive player chooses a strategy which has the highest perturbed assessment in the sense that
for each i, si and yi ∈ R|Si|,

xi,si(yi) = P(arg max
ti∈Si

(yti + ηti) = si)

= P(yi,si + ηi,si ≥ yi,ti + ηi,ti , ∀ti ∈ Si),

where ηi = (ηi,si)si corresponds to an i.i.d. random perturbation profile for the assessments of player i
with the extreme value distribution Fi(ηi,si) = exp(− exp(−σiηi,si)), then we obtain the choice rule.
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Proposition 1. For any strict Nash equilibrium s∗ and ε > 0, there exists an LQRE
x∗ which is ε-close to the strict Nash equilibrium s∗ for sufficiently high σ = (σi). In
particular, for any dominance-solvable game and ε > 0, there exists an LQRE which is
ε-close to the surviving strategy profile for sufficiently high σ = (σi).

Proof. Utilising the proof of Proposition 3 in Funai (2025), we can show that for any
sequence of precision parameters {σn = (σn,i) : n ∈ N} with σn,i ↑ ∞ for each i, there
exists N such that for any n > N , there exists an LQRE under σn, x∗σn , such that x∗σn → s∗

as n→∞. Therefore, for any ε > 0, there exists σ such that for every σ = (σi) such that
σi > σ for each i, there exists an LQRE satisfying ||x∗σ − s∗||∞ < ε.5

2.3 Stochastic adaptive learning

In this section, we provide a description of adaptive players’ behaviour. In particular, in
each period, (i) each adaptive player assigns a subjective payoff assessment (or propensity)
to each of her strategies; (ii) given the assessments, she chooses a strategy which has the
highest assessment with some randomness (choice rule); and (iii) after obtaining payoff
information, she updates her assessments using that information (updating rule).

Before providing a formal description of the choice and updating rules, we introduce the
following notation. Let (Ω,F ,P) be the probability space on which all random variables
in this paper are defined. Let N = {0, 1, 2, ...} denote the set of non-negative integers,
which represent periods in each of which adaptive players play a fixed normal form game
(I, S, π). For each n ∈ N, let Fn denote the σ-algebra which is generated by (i) the initial
payoff assessment profile Q0, (ii) the information about all the choices of adaptive players
up to, but not including, period n ∈ N, and (iii) each player’s weighting parameters on
payoff information up to period n. Formally,

Fn := σ(Q0,1m−1,i,si , λm : m ≤ n, i ∈ I, si ∈ S),

where for each m, (i) Q0 = (Q0,i,si)i,si denotes the initial assessment profile, (ii) 1m,i,si
denotes the indicator function which equals 1 if si is chosen in period m and 0 otherwise,
and (iii) λm is the weighting parameter in period m.6 Note that the sequence {Fn} forms
a filtration, where Fm ⊂ Fn for m < n.

5Suppose, to the contrary, that there exists ε > 0 such that for every σ there exists σ > σ (“σ > σ”
means σi > σ for each i) for which there exists no LQRE x∗σ satisfying ||x∗σ− s∗||∞ < ε. Then we construct
a strictly increasing sequence {σn} in the way to obtain a contradiction. First, let σ1 be such that there is
no LQRE x∗σ1 with ||x∗σ1 − s

∗||∞ < ε. Given σn, let σn := σn. By assumption, we can find σn+1 > σn = σn
such that there does not exist an LQRE x∗σn+1

with ||x∗σn+1
− s∗||∞ < ε. Thus {σn} is strictly increasing,

and for each n, there does not exist an LQRE x∗σn with ||x∗σn − s
∗||∞ < ε. This contradicts the fact that

we can find a sequence of LQREs converging to s∗ for any increasing sequence of precision parameters.
6The initial payoff assessment profile, the choice rule and the weighting parameter are formally defined

in the following argument.
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2.3.1 Payoff assessments

In each period n ∈ N, each adaptive player assigns a payoff assessment to each of her
strategies. For each n ∈ N, i ∈ I, and si ∈ Si, let (i) Qn,i,si ∈ R denote player i’s
assessment on strategy si, (ii) Qn,i = (Qn,i,si)si denote player i’s assessment profile in
period n, and (iii) Qn = (Qn,i)i denote players’ assessment profile in period n. We assume
that there exists a constant M > 0 such that ||Q0||∞ < M almost surely, where || · ||∞
denotes the maximum norm.7

2.3.2 Choice rule

Given her assessment profile, each player chooses a strategy according to the following
choice rule: for each n ∈ N, i, si and Qn,i = (Qn,i,ti)ti∈Si ,

xn,i,si =
exp(σiQn,i,si)∑
ti∈Si exp(σiQn,i,ti)

, (1)

where (i) xn,i,si denotes player i’s choice probability of strategy si in period n and (ii) σi
denotes the precision parameter for player i. We can obtain the choice rule by assuming
that each player chooses a strategy with the highest randomly perturbed assessment. In
particular,

xn,i,si :=E[1n,i,si | Fn]

=P({si is chosen in period n} | Fn)

=P({Qn,i,si + ηn,i,si ≥ Qn,i,ti + ηn,i,ti for each ti} | Fn),

where ηn,i,si is a random perturbation to player i’s assessment of strategy si in period
n, which is assumed to be (i) identically distributed across strategies and periods (but
not across players) and (ii) independent of all other random variables. Thus, each player
chooses a strategy with the highest payoff assessment plus random noise.8 Moreover, if ηi,si
follows the extreme value distribution Fi(ηi,si) = exp

(
− exp(−σiηi,si)

)
, then each player

follows the logit choice rule (1).
We also assume that in each period, players choose their strategies independently. That

7Under this assumption and the choice rule, each strategy is played with positive probability in each
period.

8The perturbation η can be interpreted as a random payoff disturbance or emotional shock; see Fudenberg
and Kreps (1993) and Sarin and Vahid (1999).
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is, for any J ⊂ I and (sj)j∈J ∈ ×j∈JSj ,

P({(sj)j∈J is chosen in period n} | Fn)

=E[
∏
j∈J

1n,j,sj | Fn]

=
∏
j∈J

E[1n,j,sj | Fn]

=
∏
j∈J

xn,j,sj .

In particular, for each player i, the probability that the other players choose s−i =
(s1, ..., si−1, si+1, ..., sI), denoted by xn,−i,s−i , is given by

xn,−i,s−i := E[1n,−i,s−i | Fn] = P({s−i is chosen in period n} | Fn) =
∏
j 6=i

xn,j,sj .

Let xn,i := (xn,i,si)si∈Si denote player i’s choice probability profile in period n and
xn := (xn,i)i∈I denote the choice probability profile of players in period n. We call a
sequence {xn : n ∈ N} a stochastic adaptive learning process.

2.3.3 Updating rule

In each period, given her assessments, each player chooses a strategy according to the
choice rule described above, observes payoff information, and updates her assessments
using the payoff information. In particular, we consider the following updating rule for
each assessment: for each n, i and si,

Qn+1,i,si = Qn,i,si + λn,i
(
πn,i,si −Qn,i,si

)
, (2)

where (i) πn,i,si denotes the payoff information for strategy si toward which the assessment
is adjusted and (ii) λn,i ∈ [0, 1] is the weighting parameter, which describes how much the
current assessment is adjusted toward the payoff.

In the following, we first specify the payoff information that each player observes for each
strategy. If her opponents choose s−i in period n, player i’s payoff information for strategy
si in period n is her payoff from the strategy profile (si, s−i), that is, πn,i,si = πi(si, s−i).
Therefore,

πn,i,si =
∑

s−i∈S−i

πi(si, s−i)1n,−i,s−i

=
∑

s−i∈S−i

πi(si, s−i)
∏
j 6=i
1n,j,sj .
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Note that each player observes not only the payoff that she has obtained but also the payoff
that she could have obtained if she had chosen other actions. That is, we consider the case
in which players also observe foregone (or counterfactual) payoffs.9

Next, we specify the assumptions on the weighting parameters. We assume that λn,i is
an Fn-measurable random variable satisfying the following condition:∑

n

λn,i =∞ and
∑
n

(λn,i)
2 <∞ (3)

with probability one. That is, the weight placed on the latest payoff information decreases
over periods, but does not decrease so rapidly that the payoff information continues to
influence players’ behaviour in later periods. In Section 6, we also consider the case in
which players place more weight on the latest payoff information, in particular, the case in
which weighting parameter remains constant over periods.

2.3.4 Stochastic fictitious play learning and experience-weighted attraction
learning

In this section, we show that the updating rule (2) overlaps the ones of stochastic fictitious
play learning and experience-weighted attraction learning (EWAL). We first introduce the
stochastic fictitious play learning model. In the model, each player observes the strategies
chosen by her opponents and records their past play. Let τn,−i,s−i denote the number of

the times that strategy profile s−i is chosen up to period n. Then,
τn,−i,s−i

n represents
the empirical frequency of s−i being chosen up to period n. The expected payoff of each
strategy given this empirical distribution is therefore expressed as follows: for each n, i
and si,

Qn,i,si =
∑

s−i∈S−i

πi(si, s−i)
τn,−i,s−i

n
.

9In Section 7, we also consider the case in which players may not observe foregone (counterfactual)
payoffs and provide a weaker convergence result.
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Note that the updating rule for the expected payoff can be expressed by the form of (2) in
the following manner:10

Qn+1,i,si = Qn,i,si +
1

n+ 1
(πn,i,si −Qn,i,si),

where πn,i,si :=
∑

s−i∈S−i πi(si, s−i)1n,−i,s−i .
More generally, if we let fn,−i,s−i denote the estimate of s−i being played in period n

and if the expected payoff is updated according to (2), then∑
s−i∈S−i

πi(si, s−i)fn+1,−i,s−i =Qn+1,i,si

=λn,iπn,i,si + (1− λn,i)
∑

s−i∈S−i

πi(si, s−i)fn,−i,s−i

=
∑

s−i∈S−i

πi(si, s−i)
(
λn,i1n,s−i + (1− λn,i)fn,−i,s−i

)
.

Therefore, the model coincides with the one in this paper if the estimate of each strategy
is updated in the following convex combination manner:

fn+1,−i,s−i = λn,i1n,−i,s−i + (1− λn,i)fn,−i,s−i .

Note also that if the choice probabilities of players are assumed to be (conditionally)
independent, then for s−i = (s1, ..., si−1, si+1, ..., sN ),

fn,−i,s−i =
∏
j 6=i

fn,j,sj .

10In detail,

Qn+1,i,si =
∑

s−i∈S−i

πi(si, s−i)
τn+1,−i,s−i

n+ 1

=
∑

s−i∈S−i

πi(si, s−i)(
τn,−i,s−i + 1n,−i,s−i

n+ 1
)

=
∑

s−i∈S−i

πi(si, s−i)(
τn,−i,s−i

n+ 1
+
1n,−i,s−i

n+ 1
)

=
n

n+ 1
(
∑

s−i∈S−i

πi(si, s−i)
τn,−i,s−i

n
) +

1

n+ 1
(
∑

s−i∈S−i

πi(si, s−i)1n,−i,s−i)

=
n

n+ 1
Qn,i,si +

1

n+ 1
πn,i,si

=Qn,i,si +
1

n+ 1
(πn,i,si −Qn,i,si),
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Consequently,

fn+1,−i,s−i = λn
∏
j 6=i
1n,j,sj + (1− λn)

∏
j 6=i

fn,j,sj .

Marginalising over all players except i and j, we obtain11

fn+1,j,sj =λn1n,j,sj + (1− λn)fn,j,sj .

Thus, when players’ choices are independent and each player’s estimate is updated in the
convex combination manner, the model coincide with the one in this paper.12

We next recall the updating rule of experience-weighted attraction learning (EWAL)(Camerer
and Ho, 1999). In their model, the updating rule of the assessment (attraction) of strategy
si is given as follows: for each n, i and si,

Qn+1,i,si =
φ ·Nn ·Qn,i,si + (δ + (1− δ)1n,i,si)πn,i,si

Nn+1
,

where (i) φ is the discount factor on the assessment in the previous period; (ii) Nn is the
(discounted) number of past experiences and is updated according to Nn+1 = ρNn + 1,
where ρ is the discount factor on past experience; and (iii) δ is the discount factor on
foregone (counterfactual) payoffs. Note that when we focus on the belief-based part of
EWAL, corresponding to the parameter restriction φ = ρ = δ = 1, the updating rule
becomes

Qn+1,i,si =
n ·Qn,i,si + πn,i,si

n+ 1

=Qn,i,si +
1

n+ 1
(πn,i,si −Qn,i,si).

Therefore, under this parameter restriction, the model in this paper coincides with the
belief-based component of EWAL.

11In detail,

fn+1,j,sj =
∑
l 6=i,j

∑
sl

fn+1,−i,s−i

=λn
∑
l 6=i,j

∑
sl

∏
k 6=i

1n,k,sk + (1− λn)
∑
l 6=i,j

∑
sl

∏
k 6=i

fn,k,sk

=λn1n,j,sj + (1− λn)fn,j,sj .

12When λn,i corresponds to the payoff that player i receives, the updating of the estimate coincides with
that of Börgers and Sarin (1997).
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3 The main result

In this section, we show that the stochastic adaptive learning process {xn} characterised
by choice rule (1) and updating rule (2) under condition (3) almost surely converge to an
LQRE corresponding to the surviving strategy profile.

Proposition 2. For any small ε > 0, there exists σ such that, for any σ = (σi) with σi > σ
for each i, the stochastic adaptive learning process {xn} characterised by choice rule (1)
and updating rule (2) under condition (3) almost surely converges to an LQRE which is
ε-close to the strategy profile that uniquely survives the iterated elimination of strategies
strictly dominated by pure strategies.

Proof. See Appendix A.

Here, we provide an intuitive description of the proof. First, we show that the assess-
ments of strictly dominated strategies of player i1 in the original game G0 = (I, S0, π0)
become lower than the assessments of the strategies which strictly dominate them. When
her precision parameter of the logit choice rule is sufficiently high, the choice probabilities
of strictly dominated strategies become negligible in later periods. As a result, the game
that adaptive players face in later periods is close to the reduced game obtained by elimi-
nating strictly dominated strategies, G1 = (I, S1, π1). In this reduced game, by hypothesis,
“new” strictly dominated strategies emerge. Applying the same argument, we obtain that,
in later periods, the game that adaptive players face is close to the further reduced game
G2 = (I, S2, π2). Since we focus on a finite game which is dominance solvable, iterating
this argument finitely many times implies that, in later periods, the assessments of the
surviving strategies are greater than those of the other strategies. Then when players’
precision parameters are sufficiently high, the assessment profile almost surely converges
to the payoff profile of the LQRE corresponding to the surviving strategy profile. Finally,
because the logit choice rule is continuous, the choice probability profile also converges to
the equilibrium.

Note that even when σi is sufficiently high for each i, strategies other than the sur-
viving one are played with very small but positive probability. Nevertheless, because σi is
sufficiently high, choice probabilities do no change dramatically comparing to changes in
assessments. Moreover, since the surviving strategy profile is chosen much more frequently,
with probability close to one and the influence of the new payoff information decreases,
the assessment profile of the surviving strategy profile approaches the corresponding payoff
profile.

Note also that the fact that each player’s weight on new payoff information decreases
over periods is important for the almost sure convergence result. If players put more weight
on new payoff information even in later periods, then the choice probabilities may fail to
converge almost surely.13

13See Section 6.1 for further details.
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Figure 1: The payoff matrix for s3

s2 t2
s1 10, 10, 0 0, 12, 0

t1 12, 0, 0 2, 2, 0

Figure 2: The payoff matrix for t3

s2 t2
s1 10, 10,−1 6, 6,−1

t1 6, 6,−1 2, 2,−1

4 Almost sure convergence to dominated strategies

In this section, we provide an example in which adaptive players play eliminated strategies
with probability close to one in the end. In particular, we consider the case in which
three adaptive players repeatedly face the game with the payoff matrices given in Figures
1 and 2. The game represents the following situation. There exist two players, player 1
and player 2, who face a prisoner’s dilemma game. For each i ∈ {1, 2}, let si represent
cooperation and ti represent defection. In addition, there exists another player, player 3,
who has an option to intervene in the situation that players 1 and 2 face. If player 3 does
not intervene in the situation, which corresponds to strategy s3, players 1 and 2 face the
prisoner’s dilemma game, and player 3 neither receives a benefit nor incurs a cost, which is
expressed by making her payoff 0. If player 3 decides to intervene, which is represented by
strategy t3, player 3 incurs a cost of 1 and makes the payoffs of both players 1 and player
2 equal for each case.

We first solve the problem by the iterated elimination of strategies strictly dominated
by pure strategies. First, note that the payoff of s3 is always 0 while the payoff of t3 is
always −1. Therefore, t3 is strictly dominated by s3. After eliminating t3, the game that
player 1 and player 2 face is the prisoner’s dilemma game, and after the elimination of
dominated strategies, we have a unique strategy profile (t1, t2, s3). That is, player 3 does
not intervene, and player 1 and player 2 face the prisoner’s dilemma game, in which they
both choose defection.

Now, we consider the case in which adaptive players 1, 2 and 3 face the game repeatedly
and the condition in Proposition 2 does not satisfy. In particular, the precision parameter
of player 3 does not satisfy the condition. Then we obtain the following result.

Proposition 3. For any small ε, there exist σ such that for any σi > σ for i ∈ {1, 2},
the choice probability profile of player 1 and player 2 almost surely converges to a mixed
strategy profile (x∗1, x

∗
2) which is ε-close to (s1, s2) if x∗3,s3 <

2
3 , where x∗3,s3 is the LQRE

choice probability for s3 of player 3. In particular, the stochastic adaptive learning process
converges to the LQRE (x∗1, x

∗
2, x
∗
3).

Proof. See Appendix B.

Note that since x∗3,s3 = 1
1+exp(−σ3) , we obtain the result above if σ3 < − ln(12) ≈ 0.69.

Since x∗i,si → 1 as σi → ∞ for players 1 and 2, if the choice rule of player 3 is noisy but
the ones of players 1 and 2 are not, then the stochastic adaptive learning process almost

15



converges to an LQRE, which is far from the one that survives the iterative elimination of
strictly dominated strategies. In particular, if player 3’s choice is noisy enough, players 1
and 2 end up choosing “cooperation” in the prisoner’s dilemma game.

5 Almost sure convergence with increasing precision param-
eter

In this section, we consider the case in which each adaptive player follows the updating
rule (2), but follows the logit choice rule with increasing precision parameters. That is, for
each n, i and si,

Qn+1,i,si =Qn,i,si + λn,i
(
πn,i,si −Qn,i,si

)
,

where {λn,i} satisfy condition (3), and

xn,i,si =
exp(σn,iQn,i,si)∑
ti∈Si exp(σn,iQn,i,ti)

, (4)

where σn,i →∞ as n→∞. Then we obtain the almost sure convergence to the surviving
strategy profile, not the corresponding LQRE. That is, xn almost surely converges to the
surviving strategy profile s∗ with probability one.

Proposition 4. Given the the updating rule (2) with {λn,i} satisfying condition (3) and
the choice rule (4), the stochastic adaptive learning process {xn} almost surely converges
to the surviving strategy profile s∗.

Proof. See Appendix C.

Remark. Milgrom and Roberts (1991) show a related result, but they focus on the conver-
gence of a subsequence of a stochastic adaptive learning process which is characterised as
follows. In each period, (i) with a small probability that vanishes over periods, each player
experiments and chooses each of her strategies with equal probability; and (ii) when not
experimenting, she picks the strategy with the highest average payoff, using only the pay-
offs obtained during experimentation periods. By contrast, in this paper, adaptive players
can take into account payoff information in each period, and we show that the sequence
of their choice probability profiles almost surely converges, which also implies that any
subsequence of the process converges. Leslie and Collins (2006) obtain a similar result for
potential games, which include some, but not all, dominance solvable games.

16



6 Almost sure convergence with constant weighting param-
eters

In this section, we consider cases in which the weighting parameters do not satisfy condition
(3); that is, adaptive players put more weight on recent experience. In particular, we assume
that there exists a scalar λ ∈ (0, 1) such that λn,i = λ for each n and i.

In Section 6.1, we first consider the case in which each player’s precision parameter in
the logit choice rule is constant, as in Sections 3 and 4. We then show that almost sure
convergence cannot be obtained for non-trivial 2×2 games. In Section 6.2, we next consider
the case in which the precision parameter of the logit choice rule increases over periods,
as in Section 5. We then show that the stochastic adaptive learning process almost surely
converges to the surviving strategy profile.

6.1 Constant weighting and precision parameters

We first consider the case in which (i) there exist only two adaptive players, who face a
fixed 2 × 2 game over periods, and (ii) the stochastic adaptive learning process {xn} is
characterised by the choice rule (1) and the following updating rule: for each n, i and si,

Qn+1,i,si =Qn,i,si + λ
(
πn,i,si −Qn,i,si

)
, (5)

where λ ∈ (0, 1) is constant and fixed over periods. That is, in this section, the weighting
parameters {λn,i} do not satisfy condition (3).

Note that if for each player i, there exists a constant ki such that πi(si, s−i)−πi(ti, s−i) =
ki for each s−i ∈ S−i, then we obtain

xn,i,si =
1

1 + exp(σi(Qn,i,si −Qn,i,ti))

→ 1

1 + exp(σi(ki))

as n→∞.14 That is, the stochastic adaptive learning process almost surely converges.

14Note that

Qn+1,i,si −Qn+1,i,ti =(1− λ)(Qn,i,si −Qn,i,ti) + λ(πn,i,si − πn,i,ti)

=(1− λ)2(Qn−1,i,si −Qn−1,i,ti) + (1− λ)λ(πn−1,i,si − πn−1,i,ti) + λ(πn,i,si − πn,i,ti)
= · · ·

=(1− λ)n+1(Q0,i,si −Q0,i,ti) +

n∑
m=1

λ(1− λ)n−m(πm,i,si − πm,i,ti)

=(1− λ)n+1(Q0,i,si −Q0,i,ti) + (ki)

n∑
m=1

λ(1− λ)n−m,

so Qn+1,i,si −Qn+1,i,ti almost surely converges to ki as n→∞, since
∑n
m=1 λ(1− λ)n−m = 1− (1− λ)n.
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Except for such trivial cases, the almost sure convergence result does not hold.

Proposition 5. In 2×2 games, if there exists a player i such that πi(si, s−i)−πi(ti, s−i) 6=
πi(si, t−i)− πi(ti, t−i) for strategies s−i and t−i of player −i, then the stochastic adaptive
learning process {xn} characterised by the choice rule (1) and the updating rule (5) does
not converge almost surely.

Proof. See Appendix D.

Remark. This result shows that when players put more weight on recent experience, play-
ers’ behaviour does not converge almost surely, except in trivial 2× 2 games. Note that if
we instead rule out randomness in adaptive players’ behaviour, so that each player always
chooses the strategy with the highest assessment in each period, then, as she observes fore-
gone (counterfactual) payoffs, her assessments of dominated strategies eventually become
lower than those of dominating strategies, and she stops choosing dominated strategies
with probability one.15 This observation implies that introducing randomness into adap-
tive players’ choice behaviour affects almost sure convergence. That is, Proposition 2 may
not be an immediate consequence once randomness is introduced. For almost sure conver-
gence to the surviving strategy profile, both the way adaptive players weight recent payoff
information and the degree of randomness in their choice behaviour matter.

6.2 Constant weighting parameters and increasing precision parameters

We next consider the case in which the stochastic adaptive learning process {xn} is char-
acterised by the choice rule (4) and the updating rule (5). Here, we do not restrict our
attention to 2× 2 games, but instead focus on dominance solvable games. We then obtain
the following result.

Proposition 6. The stochastic adaptive learning process characterised by the choice rule
(4) and the updating rule (5) converges to the surviving strategy profile almost surely.

Proof. See Appendix E.

7 Convergence with partial foregone payoff information

In this section, we consider the case in which players obtain partial foregone payoff infor-
mation and show a convergence result. In particular, we focus on the updating rule given

15Note that if si strictly dominates ti and Qn,i,si > Qn,i,ti in some period n, then

Qn+1,i,si =(1− λ)Qn,i,si + λπn,i,si

>(1− λ)Qn,i,ti + λπn,i,ti

=Qn+1,i,ti .
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by

Qn+1,i,si = Qn,i,si + λnγn,i,si,ti
(
πn,i,si −Qn,i,si

)
, (6)

where (i) γn,i,si,ti represents the discount factor on the payoff information of si when ti is
chosen in period n and (ii) λn ∈ [0, 1] is an Fn-measurable random variable which satisfies
condition (3) almost surely. In particular, we consider the following two cases for γn,i,si :
(a) γn,i,si,ti = 1 if ti = si and γn,i,si,ti = γ ∈ [0, 1) otherwise; and (b) γn,i,si,ti = 1 for each
si and ti. Case (a) represents the situation in which the foregone payoff information is
discounted by γ. If γ = 0, this case corresponds to the payoff assessment learning model of
Cominetti et al. (2010), Funai (2014, 2019, 2025) and Sarin and Vahid (1999). If γ ∈ (0, 1),
it corresponds to the delta learning model of Yechiam and Busemeyer (2005, 2006). Case
(b) represents the situation in which players do not discount foregone payoff information;
in this case, the model corresponds to the belief-based component of EWAL and to the
stochastic fictitious play learning model. Utilising the result of Funai (2025), we obtain
the following result.

Proposition 7. For any small ε > 0, there exists σ such that, for σ = (σi) with σi > σ
for each i, the stochastic adaptive learning process characterised by the choice rule (1) and
the updating rule (6) converges to the LQRE which is ε-close to the surviving strategy
profile with positive probability. In particular, given that the assessment profile is close to
the LQRE payoff profile, the probability of the process converging to the LQRE converges
to 1 as n converges to infinity.

Proof. Note that the surviving strategy profile is a strict Nash equilibrium, and the proof
follows those of Proposition 7 and Corollary 1 in Funai (2025).

Lastly, we consider the case in which σi is sufficiently low for each i. Up to this point,
we have obtained convergence results under the assumption that the precision parameters
of players are sufficiently high. A natural question that then arises is whether we obtain a
convergence result when the randomness in players’ choices is relatively high. Funai (2019)
provides the following answer.

Proposition 8. When σi is sufficiently low for each i, the stochastic adaptive learning
process characterised by the choice rule (1) and the updating rule (6) converges to a unique
LQRE almost surely.

Proof. See Theorem 1, Corollary 1, and Proposition 4 of Funai (2019).

8 Brief Literature Review

The model we consider in this paper overlaps with the stochastic fictitious play learning
model of Fudenberg and Kreps (1993), who show global convergence of the process in games
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with a unique mixed Nash equilibrium. There also exist other global convergence results
for stochastic fictitious play.16 Benäım and Hirsch (1999) show convergence in 2× 2 games
with countably many Nash equilibria. Hofbauer and Hopkins (2005) show convergence
in two-player zero-sum games and partnership games. Hofbauer and Sandholm (2002)
show convergence in games with an interior ESS, zero-sum games, potential games and
supermodular games. In particular, the potential games that they focus on are such that,
at any strategy profile, each player receives the same payoff; they show convergence for
partnership games. Although the class of partnership games includes some dominance-
solvable games, it does not include all dominance-solvable games.17

In the reinforcement learning model of Erev and Roth (1998) and Roth and Erev (1995),
which the EWAL model overlaps with, Beggs (2005) shows convergence in dominance-
solvable games. To show the convergence, he first shows that the choice probabilities of
strictly dominated strategies converge to zero. As a result, in later periods, these strategies
become negligible, and players face an almost reduced game. Applying the argument
iteratively to the reduced game, and using the fact that the game is finite, the learning
process converges to the surviving strategy profile. Although the argument for the main
result of this paper is similar to his, an important difference is that the choice probabilities
of strictly dominated strategies never become zero. That is, even in later periods when the
probability of choosing the surviving strategy profile is high, the probabilities of choosing
other strategies remain strictly positive and bounded away from zero. This aspect implies
that the process may, in principle, move away from the surviving strategy profile. One
contribution of this paper is to show that, despite the fact that the choice probabilities of
strictly dominated strategies never vanish and are bounded away from zero, the learning
process nevertheless converges to the LQRE corresponding to the surviving strategy profile.
Moreover, Beggs (2005) does not consider heterogeneity in players’ choice and learning
behaviour, as in this paper, which may lead the learning process to converge to a different
strategy profile in the long run.

Lastly, the evolutionary game theory literature provides several arguments for conver-
gence to the surviving strategy profile. For instance, Hofbauer and Weibull (1996), Laraki
and Mertikopoulos (2013), Nachbar (1990), and Samuelson and Zhang (1992) show that,
under evolutionary dynamics, populations playing strategies which are iteratively strictly

16For discrete-time non-stochastic fictitious play learning, Monderer and Shapley (1996) show convergence
in potential games and Milgrom and Roberts (1991) show convergence to the surviving strategy profile in
finite dominance-solvable games. For continuous-time non-stochastic fictitious play learning, Viossat and
Zapechelnyukshow (2013) show convergence to the surviving strategy profile in two-player dominance-
solvable games.

17They also show convergence in the following cases: (i) for each player and each opponents’ strategy
profiles, the payoffs from all of her strategies are shifted in the same direction by the same amount; and (ii)
for each player and each of her strategies, the payoffs for that strategy against all strategy profiles of her
opponents are shifted in the same direction by the same amount. However, there exist dominance-solvable
games that cannot be obtained by transforming a partnership game using the payoff transformations (i)
and (ii). Moreover, they do not consider heterogeneity among players.
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dominated become extinct in the long run.18 In contrast, Hofbauer and Sandholm (2011)
provide four mild conditions for deterministic evolutionary dynamics under which strictly
dominated strategies fail to be eliminated in extended rock-scissors-paper games. How-
ever, these arguments do not adequately address how heterogeneity among players affects
almost sure convergence. In particular, it remains unclear which conditions on (i) play-
ers’ noise levels in their choice behaviour and (ii) players’ weights on recent experience
are sufficient to ensure convergence to the surviving strategy profile. One advantage of
learning-in-games models is that they provide a more direct framework for analysing how
heterogeneity among players affects their long-run behaviour: the model in this paper pro-
vides a clear threshold, which is determined by the payoff functions and the noise level
of players’ choice rules, under which stochastic adaptive learning process almost surely
converges to (the LQRE corresponding to) the surviving strategy profile.

9 Conclusion and discussion

In this paper, we investigate the convergence properties of a stochastic adaptive learn-
ing model which overlaps with those of stochastic fictitious play and experience-weighted
attraction learning in dominance-solvable games, in which a unique strategy profile sur-
vives through the iterated elimination of strategies which are strictly dominated by pure
strategies.

We show that when (i) each player’s precision parameter in the logit choice rule is
constant over periods and sufficiently high, and (ii) the weight on payoff information in
the updating rule decreases over periods, the stochastic adaptive learning process, that is,
the players’ choice probability profile, almost surely converges to a logit quantal response
equilibrium (LQRE) corresponding to the uniquely surviving strategy profile.

When condition (i) does not hold, that is, when the precision parameter of at least
one player is not sufficiently high, we still obtain almost sure convergence to an LQRE;
however, the long-run behaviour may not coincide with the surviving strategy profile. In
particular, in the long run, players may play dominated strategies with probability close
to one.

We also consider the case in which condition (i) holds but condition (ii) does not hold.
In particular, we consider the case in which the weight on payoff information in the updating
rule is constant over periods. In this case, we show that the stochastic adaptive learning
process does not converge almost surely in non-trivial 2× 2 games. By contrast, if instead

18See Viossat (2015) for further discussion. Laraki and Mertikopoulos (2013) study higher-order replicator
dynamics, which they justify via a learning-in-games model. In particular, they utilise a continuous-
time reinforcement learning model of Erev and Roth (1998) and Roth and Erev (1995) with the following
modifications: (i) players put heavier weights on earlier realised payoffs; (ii) they observe foregone payoffs;
and (iii) they follow the logit choice rule. For convergence results for the discrete-time original reinforcement
learning model with foregone payoffs and the logit choice rule, see Funai (2022).
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of condition (i) we assume that the precision parameter increases over periods, we again
obtain almost sure convergence.

Lastly, we consider the case in which adaptive players may not obtain payoff information
for unchosen strategies, that is, they observe only partial foregone (counterfactual) payoff
information. By utilising the results of Funai (2025), we show that the stochastic adaptive
learning process converges to an LQRE corresponding to the surviving strategy profile with
positive probability.

One aspect that is not fully addressed in the existing literature is that, in the presence
of heterogeneity in players’ choice and learning behaviour, the surviving strategy profile
may not emerge as the outcome of learning. That is, just as standard game theory requires
all players to possess high levels of knowledge and deductive reasoning for the prediction
of a surviving strategy profile, our results require all adaptive players to satisfy certain
behavioural conditions. In particular, if one player’s choice behaviour is noisy or if one
player puts more weight on recent experience than other players, we may not obtain almost
sure convergence to the surviving strategy profile.
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Appendix A Proof of Proposition 2

First, we rewrite updating rule (2) in the following manner: for each i and si ∈ Si,

Qn+1,i,si =Qn,i,si + λn,i

(∑
s−i

πi(si, s−i)1n,−i,s−i −Qn,i,si
)

=Qn,i,si + λn,i

(∑
s−i

πi(si, s−i)xn,−i,s−i −Qn,i,si +Mn,i,si

)
where (i) 1n,−i,s−i is the indicator function which is equal to 1 when s−i is chosen in period
n and 0 otherwise, (ii) Mn,i,si is a martingale difference noise such that

Mn,i,si :=
∑
s−i

πi(si, s−i)1n,−i,s−i −
∑
s−i

πi(si, s−i)xn,−i,s−i
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and (iii) λn,i ∈ [0, 1] is a Fn-measurable random variable satisfying condition (3) almost
surely, that is, ∑

λn,i =∞ and
∑

(λn,i)
2 <∞

with probability one.
Next, we consider the payoff assessment differences between dominated and dominating

strategies in each step of the iterated elimination of strictly dominated strategies. In
particular, without loss of generality, we consider the case in which only one dominated
strategy of a player is eliminated in each step.19

First, we consider the original game G0 = (I, S, π), in which there exists player i0 such
that si0 strictly dominates ti0 . That is, for each s−i0 ∈ S−i0 ,

πi0(si0 , s−i0) > πi0(ti0 , s−i0).

Then the updating rule of the payoff assessment difference of dominated and dominating
strategies, DQn,i0 := Qn,i0,ti0 −Qn,i0,si0 , can be expressed as follows:

DQn+1,i0 = DQn,i0 + λn,i

( ∑
s−i0∈S−i0

(
πi0(ti0 , s−i0)− πi(si0 , s−i0)

)
xn,−i0,s−i0 −DQn,i0 +DMn,i0

)
,

(7)

where DMn,i0 := Mn,i0,ti0
−Mn,i0,si0

is still a martingale difference noise. Note that

πi0(ti0 , s−i0)− πi0(si0 , s−i0) ≤ max
t−i0

(
πi0(ti0 , t−i0)− πi0(si0 , t−i0)

)
=: −k0,

where k0 > 0. We can show that in later periods, the payoff assessment difference becomes
smaller than −k0 + ε0 for any ε0 > 0. Here, we fix σi > 0 for each i, but we can pick σi
arbitrarily.

Lemma 1. For any ε0 > 0, there exist N0 such that for any n > N0,

DQn,i0 < −k0 + ε0

almost surely.

19We can allow the dominated strategies of one player to be chosen in consecutive steps.
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Proof. This proof follows the proof of Lemma 1 in Funai (2025). Note that

DQn+1,i0

=(1− λn,i0)DQn,i0 + λn,i0

(∑
s−i0

(
πi0(ti0 , s−i0)− πi0(si0 , s−i0)

)
xn,−i0s−i0

)
+ λn,i0DMn,i0

=(1− λn,i0)
(

(1− λn−1,i0)DQn−1,i0 + λn−1,i0
(∑
s−i0

(
πi0(ti0 , s−i0)− πi0(si0 , s−i0)

)
xn−1,−i0,s−i0

)
+ λn−1,i0DMn−1,i0

)
+ λn,i0

(∑
s−i

(
πi0(ti0 , s−i0)− πi0(si0 , s−i0)

)
xn,−i0,s−i0

)
+ λn,i0DMn,i0

=(1− λn,i0)(1− λn−1,i0)DQn−1,i0

+ λn−1,i0(1− λn,i0)
(∑
s−i0

(
πi0(ti0 , s−i0)− πi0(si0 , s−i0)

)
xn−1,−i0,s−i0

+DMn−1,i0
)

+ λn,i0

(∑
s−i

(
πi0(ti0 , s−i0)− πi0(si0 , s−i0)

)
xn,−i0,s−i0 +DMn,i0

)
= . . .

=

n∏
m=0

(1− λm,i0)DQ0,i0

+
n∑

m=1

λm,i0(
n∏

l=m+1

(1− λl,i0))(
∑
s−i0

(
πi0(ti0 , s−i0)− πi(si0 , s−i0)

)
xm,−i0,s−i0 +DMm,i0),

where for m = n,
∏n
l=m+1(1− λl,i0) := 1. Note that

∏n
m=0(1− λm,i0) converges to zero as

n→∞.20 Therefore, for any ε0, we can take N01 such that for any n > N01,

n∏
m=0

(1− λm,i0)|DQ0,i0 | <
ε0
3
.

Also note that as n→∞,

n∑
m=1

λm,i0(
n∏

l=m+1

(1− λl,i0))DMm,i0 → 0

20See footnote 43 of Funai (2025).
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almost surely.21 Thus, we can take N02 such that for n > N02,

|
n∑

m=1

λm,i0(
n∏

l=m+1

(1− λl,i0))DMm,i0 | <
ε0
3
.

Since πi0(ti0 , s−i0)− πi0(si0 , s−i0) ≤ −k0 for each s−i0 ,∑
s−i0

(
πi0(ti0 , s−i0)− πi0(si0 , s−i0)

)
xn,−i0,s−i0 ≤ −k0

and thus, we can take N03 such that for n > N03,

n∑
m=1

λm,i0(

n∏
l=m+1

(1− λl,i0))
∑
s−i0

(
πi0(ti0 , s−i0)− πi0(si0 , s−i0)

)
xm,−i0,s−i0 < −k0 +

ε0
3
.

Therefore, for n > N0 := max{N01, N02, N03},

DQn,i0 < −k0 + ε0.

Next, given the result above, we show that for any ε′0, we can pick σ0,i0 such that the
choice probability for the strictly dominated strategy becomes less than ε′0.

Lemma 2. For strictly dominated strategy ti0 , for any ε′0 > 0, there exist σ0 and N0 such
that for any σi0 > σ0 and n > N0, xn,i0,ti0 < ε′0 almost surely.

Proof. Note that

xn,i0,ti0 =
exp(σi0Qn,i0,ti0 )∑
ui0

exp(σi0Qn,i0,ui0 )

=
1

1 + exp(σi0(Qn,i0,si0 −Qn,i0,ti0 )) +
∑

ui0 6=si0 ,ti0
exp(σi0(Qn,i0,ui0 −Qn,i0,ti0 ))

.

21Note that we can express as follows:

DMn,i0 :=

n∑
m=1

λm,i0(

n∏
l=m+1

(1− λl,i0))DMm,i0

=

n−1∑
m=1

λm,i0(

n∏
l=m+1

(1− λl,i0))DMm,i0 + λn,i0DMn,i0

=(1− λn,i0)

n−1∑
m=1

λm,i0(

n−1∏
l=m+1

(1− λl,i0))DMm,i0 + λn,i0DMn,i0

=(1− λn,i0)DMn−1,i0 + λn,i0DMn,i0 .

Then by Lemma 1 of Tsitsiklis (1994), we obtain the result.
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By Lemma 1, we know that for randomly picked and fixed σi0 > 0, for any ε0, there exists
N0 such that Qn,i0,si0 − Qn,i0,ti0 > k0 − ε0 for n > N0. We fix ε0 such that k0 − ε0 > 0.
Since for any σi0 > 0, there exist such N0 that the payoff assessment difference is greater
than k0 − ε0, if σi0 becomes greater, then xn,i,ti becomes smaller. Note that for each σi0 ,
there exists N0 such that for each n > N0,

xn,i0,ti0 =
1

1 + exp(σi0(Qn,i0,si0 −Qn,i0,ti0 )) +
∑

ui0 6=si0 ,ti0
exp(σi0(Qn,i0,ui0 −Qn,i0,ti0 ))

≤ 1

1 + exp(σi0(k0 − ε0))
,

where the last part converges to 0 as σi0 → ∞. In particular, we have xn,i,ti → 0 as
σi0 → ∞, that is, for any ε′0, there exists σ0 and N0 such that for any σi0 > σ0 and
n > N0, Qn,i0,si0 −Qn,i0,ti0 > k0 − ε0 and xn,i,ti < ε′0.

Next, we consider the game G1 = (I, S1 := ×iS1
i , π

1), where S1
i denotes the set of

strategies of player i after eliminating the strictly dominated strategy of i0. That is,
S1
i0

= Si0 \ {ti0 : ti0 is strictly dominated by a pure strategy si0} and S1
j = Sj for j 6= i0.

Let π1 denote the restriction of the payoff function π to S1.
Then, since we focus on a dominance solvable game in pure strategy, there exists a

player i1 who has strictly dominated strategies: there exist ti1 ∈ S1
i1

and si1 ∈ S1
i1

such
that ti1 is strictly dominated by si1 :

π1i1(si1 , s−i1) > π1i1(ti1 , s−i1)

for any s−i1 ∈ S1
−i1 . In particular, let k1 > 0 be such that

−k1 := max
s−i1∈S

1
−i1

(π1i1(ti1 , s−i1)− π1i1(si1 , s−i1)).

Now for any ε1, we take small enough ε′0 such that22∑
s−i1∈S−i1

(πi1(ti1 , s−i1)− πi1(si1 , s−i1))xn,−i1,s−i1 < −k1 +
ε1
4
.

22Let S−i = ×j 6=iSj and S1
−i = ×j 6=iS1

j . Note that∑
s−i1

∈S−i1

(πi1(ti1 , s−i1)− πi1(si1 , s−i1))xn,−i1,s−i1

=
∑

s−i1
∈S1
−i1

(πi1(ti1 , s−i1)− πi1(si1 , s−i1))xn,−i1,s−i1
+

∑
s−i1

∈S−i1
\S1
−i1

(πi1(ti1 , s−i1)− πi1(si1 , s−i1))xn,−i1,s−i1

≤− k1(1−
∑

s−i1
∈S−i1

\S1
−i1

xn,−i1,s−i1
) +

∑
s−i1

∈S−i1
\S1
−i1

(πi1(ti1 , s−i1)− πi1(si1 , s−i1))xn,−i1,s−i1

=− k1 +
∑

s−i1
∈S−i1

\S1
−i1

(k1 + πi1(ti1 , s−i1)− πi1(si1 , s−i1))xn,−i1,s−i1
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Then, letting DQn,i1 := Qn,i1,ti1 −Qn,i1,si1 , we obtain the following result:

Lemma 3. For any ε1 > 0, there exists N1 such that for any n > N1,

DQn,i1 < −k1 + ε1

almost surely.

Proof. Follow the proof of Lemma 1 except for the last part. Note that since we take small
enough ε′0 such that∑

s−i1∈S−i1

(πi1(ti1 , s−i1)− πi1(si1 , s−i1))xn,−i1,s−i1 < −k1 +
ε1
4
,

we can take N13 such that for n > N13,
23

n∑
m=1

λm,i1(
n∏

l=m+1

(1− λl,i1))
∑
s−i1

(
πi1(ti1 , s−i1)− πi1(si1 , s−i1)

)
xm,−i1,s−i1 < −k1 +

ε1
3
.

Therefore, for n > N1 := max{N11, N12, N13},

DQn,i1 < −k1 + ε1.

Then we obtain the following result corresponding to Lemma 2.

Lemma 4. For strictly dominated strategy ti1 , for any ε′1 > 0, there exist σ1 and N1 such
that for any σi1 > σ1 and n > N1, xn,i1,ti1 < ε′1 almost surely.

Proof. Note that by Lemma 3, for n > N1,

xn,i1,ti1 =
1

1 + exp(σi1(Qn,i1,si1 −Qn,i1,ti1 )) +
∑

ui1 6=si1 ,ti1
exp(σi1(Qn,i1,ui1 −Qn,i1,ti1 ))

≤ 1

1 + exp(σi1(k1 − ε1))
.

Note also that for s−i1 ∈ S−i1 \ S1
−i1 ,

xn,−i1,s−i1
= xn,1,s1 · xn,2,s2 · · ·xn,i0,si0 · · ·xn,i1−1,si1−1 · xn,i1+1,si1+1 · · ·xn,N,sN

and xn,i0,si0 is smaller than ε′0. Note also that when S−i1 \ S1
−i1 is empty, that is, i1 = i0, the inequality

also holds.
23For m′ such that xm′,i0,si0 ≥ ε

′
0, we have

λm′,i1(

n∏
l=m′+1

(1− λl,i1))
∑
s−i1

(
πi1(ti1 , s−i1)− πi1(si1 , s−i1)

)
xm′,−i1,s−i1

→ 0

as n→∞. Note also that by Lemma 2, xn,i0,si0 < ε′0 for any n > N0.
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If we pick ε1 small enough so that (k1 − ε1) is positive, then the denominator in the last
inequality becomes smaller as σi1 increases.

For the remaining iterative steps, we argue by mathematical induction. Suppose that
the claim holds at the K-th step of the iterated elimination of strictly dominated strategies.
We then consider the (K+ 1)-th elimination step. In particular, we maintain the following
induction hypotheses. Let kK > 0 be such that

−kK = max
s−iK∈S

K
−iK

(
πKiK (tiK , s−iK )− πKiK (siK , s−iK )

)
.

Assumption 1. For any εK > 0, there exists NK such that for any n > NK ,

DQn,iK < −kK + εK

almost surely.

Assumption 2. For strictly dominated strategy tiK , for any ε′K > 0, there exist σK and
NK such that for any σiK > σK and n > NK ,

xn,iK ,tiK < ε′K

almost surely.

We consider the game GK+1 = (I, SK+1 = ×iSK+1
i , πK+1), where SK+1

i = SKi for
i 6= iK , SK+1

iK
= SKiK \ {tiK : tiK is strictly dominated by a pure strategy siK ∈ SKiK},

and πK+1 is the restriction of payoff function πK to SK+1. Now, suppose that there
exists a player iK+1 who has a strictly dominated strategy: there exist tiK+1 ∈ S

K+1
iK+1

and

siK+1 ∈ S
K+1
iK+1

such that tiK+1 is strictly dominated by siK+1 in game GK+1:

πK+1
iK+1

(siK+1 , s−iK+1) > πK+1
iK+1

(tiK+1 , s−iK+1)

for any s−iK+1 ∈ S
K+1
−iK+1

. In particular, let kK+1 > 0 be such that

−kK+1 := max
s−iK+1

∈SK+1
−iK+1

(
πK+1
iK+1

(tiK+1 , s−iK+1)− πK+1
iK+1

(siK+1 , s−iK+1)
)
.

Now, let ε′K > 0 be an upper bound on the choice probabilities of all strategies eliminated
up to and including K-th step, chosen sufficiently small so that∑

siK+1
∈SiK+1

(πiK+1(tiK+1 , s−iK+1)− πiK+1(siK+1 , s−iK+1))xn,−iK+1 < −kK+1 +
εK+1

4
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for small enough εK+1.
24

Now letting DQn,iK+1 := Qn,iK+1,tiK+1
−Qn,iK+1,siK+1

, we show the following result:

Lemma 5. For any εK+1 > 0, there exist NK+1 such that for any n > NK+1,

DQn,iK+1 < −kK+1 + εK+1

almost surely.

Proof. The argument is similar with the one of Lemma 3:

DQn,iK+1 =

n∏
m=0

(1− λm,iK+1)DQ0,iK+1

+
n∑

m=1

λm,iK+1(

n∏
l=m+1

(1− λl,iK+1
))
∑

s−iK+1

(
πiK+1(tiK+1 , s−iK+1)− πi(siK+1 , s−iK+1)

)
xm,−iK+1,s−iK+1

+
n∑

m=1

λm,iK+1(
n∏

l=m+1

(1− λl,iK+1
))DMm,iK+1

< −kK+1 + εK+1

24Note that∑
s−iK+1

∈S−iK+1

(πiK+1(tiK+1 , s−iK+1)− πiK+1(siK+1 , s−iK+1))xn,−iK+1,s−iK+1

<− kK+1(1−
∑

s−iK+1
∈S−iK+1

\SK+1
−iK+1

xn,−iK+1,s−iK+1
)

+
∑

s−iK+1
∈S−iK+1

\SK+1
−iK+1

(πiK+1(tiK+1 , s−iK+1)− πiK+1(siK+1 , s−iK+1))xn,−iK+1,s−iK+1

<− kK+1 +
∑

s−iK+1
∈S−iK+1

\SK+1
−iK+1

(kK+1 + πiK+1(tiK+1 , s−iK+1)− πiK+1(siK+1 , s−iK+1))xn,−iK+1,s−iK+1
.

Note that when S−iK+1 \ S
K+1
−iK+1

6= ∅, for each s−iK+1 ∈ S−iK+1 \ S
K+1
−iK+1

, there exists j such that

xn,j,sj ≤ ε′K . Therefore, we take ε′K small enough such that

xn,−iK+1,s−iK+1
=xn,1,s1 · · ·xn,j,sj · · ·xn,N,sN

becomes so small that∑
s−iK+1

∈S−iK+1
\SK+1
−iK+1

(kK+1 + πiK+1(tiK+1 , s−iK+1)− πiK+1(siK+1 , s−iK+1))xn,−iK+1,s−iK+1
<
εK+1

4
.
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Given the lemma above, we obtain the following result:

Lemma 6. For strictly dominated strategy tiK+1 , for any ε′K+1 > 0, there exist σK+1 and
NK+1 such that for any σiK+1 > σK+1 and n > NK+1,

xn,iK+1,tiK+1
< ε′K+1

almost surely.

Proof. Since the argument is the same as the one in Lemma 4, we omit the proof.

Let s∗ be the unique surviving strategy profile, which we obtain by following the iterated
elimination of strictly dominated strategies and k > 0 be such that

max
l∈{1,2,...,Kmax}

(−kl + εl) < −k < 0

for sufficiently small (εl), where Kmax denotes the total iteration time for s∗ to uniquely
survive.25 Then by Lemmas 1 to 6, there exists σ := maxK{σK} and N := maxK{NK}
such that for any n > N and σi > σ for each i,

Qn,i,si −Qn,i,s∗i < −k < 0

for any i and si 6= s∗i .
Let Ek be the event such that the assessment profile ends up aligning with the equilib-

rium payoff profile with at least k distance:

Ek := {∃N, ∀n > N, Qn,i,si −Qn,i,s∗i < −k ∀i and si 6= s∗i }.

Then, we have the following result.

Lemma 7. P(Ek) = 1.

Proof. Note that if si is eliminated at K-th step, then at most Kmax − K iterated elim-
inations of dominated strategies for player i take place for s∗i to uniquely survive: si is
strictly dominated by ti =: siK , which is strictly dominated by ui =: siK+1 at K + 1-th
game, which is strictly dominated by vi =: siK+2 at K + 2-th game and so forth, and it
will continue till Kmax-th game. Then

Qn,i,si −Qn,i,s∗i
= (Qn,i,si −Qn,i,si,K ) + (Qn,i,si,K −Qn,i,si,K+1) + · · ·+ (Qn,i,si,(Kmax−1)

−Qn,i,s∗i )
< −(Kmax −K + 1)k

≤ −k

for large enough n.26

25We can pick such (εl), as −kl < 0 for each l.
26Kmax−K is the maximum number of iterations required for s∗ to survive starting from si. At the other

extreme, if si and all other remaining strategies of player i are strictly dominated by s∗i , then Qn,i,si −
Qn,i,s∗i ≤ −k.
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Now, we focus on the event Ek, which occurs with probability one. In particular, we
assume that for each player, the assessment of her unique surviving strategy is strictly
greater than the assessments of her other strategies in each period. This assumption is
without loss of generality: (i) since the mode of convergence we utilise is almost sure
convergence, it suffices to argue sample-path-wise; and (ii) with probability one, there
exists a (random) period N such that this strict inequality holds for all periods n ≥ N .
Therefore, to investigate the convergence property, it is enough to analyse the process from
period N onwards. Under this assumption, by applying the argument of Tsitsiklis (1994),
we obtain the almost sure convergence result.

In particular, we utilise Theorem 3 of Tsitsiklis (1994), for which we first introduce the
following notation. Let DQi,si := Qi,si − Qi,s∗i , which denotes the difference between the
assessments of strategies si and s∗i . Similarly, let Dπ∗i,si := πi(si, x

∗
−i)− πi(s∗i , x∗−i), which

denotes the difference between the LQRE payoffs of strategies si and s∗i , namely πi(si, x
∗
−i)

and πi(s
∗
i , x
∗
−i) respectively. Note that if si is eliminated at the l-th iteration, then

Dπ∗i,si := πi(si, x
∗
−i)− πi(s∗i , x∗−i)

≤ (πi(sil , x
∗
−i)− πi(sil+1

, x∗−i)) + (πi(sil+1
, x∗−i)− πi(sil+2

, x∗−i))

+ ...+ (πi(siKmax
, x∗−i)− πi(s∗i , x∗−i))

≤ −(Kmax − l + 1)k

≤ −k.

Here, sil is player i’s strategy which is eliminated at the l-th elimination stage and −k >
maxl∈{1,...,Kmax}(−kl+εl) for sufficiently small (εl). Moreover, we assume that DQi,si ≤ −k,
as stated in the preceding paragraph.

Next, to apply Theorem 3 of Tsitsiklis (1994), we find β ∈ [0, 1) such that

||F (DQ)−Dπ∗||∞ ≤ β||DQ−Dπ∗||∞, (8)

where (i) F = (Fi,si)i,si 6=s∗i : R
∏
i(|Si|−1) → R

∏
i(|Si|−1) is defined by Fi,si(DQ) = πi(si, x−i)−

πi(s
∗
i , x−i) =

∑
s−i

(πi(si, s−i) − πi(s∗i , s−i))x−i,s−i for each i and si 6= s∗i ; (ii) x−i,s−i :=∏
j 6=i xj,sj ; and (iii)

xi,si :=
exp(σiDQi,si)

1 +
∑

ti 6=s∗i
exp(σiDQi,ti)

.

Lemma 8. There exists σ such that for any σ = (σi) with σi > σ for each i, there exists
β ∈ [0, 1) such that inequality (8) holds.

Proof. For ||F (DQ)−Dπ∗||∞ = maxi,si 6=s∗i |Fi,si(DQ)−Dπ∗i,si |, we focus on |Fi,si(DQ)−
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Dπ∗i,si | for arbitrary i and si. Note that

|Fi,si(DQ)−Dπ∗i,si | =|
∑
s−i

(πi(si, s−i)− πi(s∗i , s−i))(x−i,s−i − x∗−i,s−i)|

≤
∑
s−i

|πi(si, s−i)− πi(s∗i , s−i)| · |x−i,s−i − x∗−i,s−i |,

where the difference |x−i,s−i − x∗−i,s−i | can be expressed as the following telescoping sum.

|x−i,s−i − x∗−i,s−i | =|
∏
j 6=i

xj,sj −
∏
j 6=i

x∗j,sj |

=|(x0 − x1) + (x1 − x2) + · · ·+ (xI−2 − xI−1)|

≤
I−2∑
n=0

|xn − xn+1|,

where

x0 := x1,s1x2,s2 · · ·xi−1,si−1xi+1,si+1 · · ·xI,sI ,
x1 := x∗1,s1x2,s2 · · ·xi−1,si−1xi+1,si+1 · · ·xI,sI ,
x2 := x∗1,s1x

∗
2,s2 · · ·xi−1,si−1xi+1,si+1 · · ·xI,sI ,

· · ·
xI−1 := x∗1,s1 · · ·x

∗
i−1,si−1

x∗i+1,si+1
· · ·x∗I,sI .

Note that for each n,

xn − xn+1 = (xn+1,sn+1 − x∗n+1,sn+1
)

∏
1≤l<n+1,l 6=i

x∗l,sl

∏
m>n+1,m 6=i

xm,sm .

Next, we express the difference |xn+1,sn+1 − x∗n+1,sn+1
| as a telescoping sum. For each

k ∈ {0, . . . , |Sn+1|}, we define DQk as follows:

DQ0 := (DQn+1,sn+1 , DQn+1,tn+1 , · · · , DQn+1,zn+1),

DQ1 := (Dπ∗n+1,sn+1
, DQn+1,tn+1 , · · · , DQn+1,zn+1),

DQ2 := (Dπ∗n+1,sn+1
, Dπ∗n+1,tn+1

, · · · , DQn+1,zn+1),

· · ·
DQ|Sn+1| := (Dπ∗n+1,sn+1

, Dπ∗n+1,tn+1
, · · · , Dπ∗n+1,zn+1

).
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Let j := n+ 1 and the difference be |xj,sj − x∗j,sj |. Note that

xj,sj =
exp(σjDQj,sj )

1 +
∑

tj 6=s∗j
exp(σjDQj,tj )

and

x∗j,sj =
exp(σjDπ

∗
j,sj

)

1 +
∑

tj 6=s∗j
exp(σjDπ∗j,tj )

.

Then, the difference can be expressed as the following telescoping sum:

|xj,sj − x∗j,sj | =|(xj,sj (DQ0)− xj,sj (DQ1)) + · · ·+ (xj,sj (DQ|Sj |−1)− xj,sj (DQ|Sj |))|
≤|xj,sj (DQ0)− xj,sj (DQ1)|+ · · ·+ |xj,sj (DQ|Sj |−1)− xj,sj (DQ|Sj |)|, (9)

where xj,sj (DQ) :=
exp(σjDQj,sj )

1+
∑
sj 6=s∗j

exp(σj)DQj,tj
.

Here, for the first term in the inequality (9), there exist λ ∈ (0, 1) and DQ = λDQ0 +
(1− λ)DQ1 such that

|xj,sj (DQ0)− xj,sj (DQ1)| =|
∂xj,sj
∂DQj,sj

(DQ)(DQj,sj −Dπ∗j,sj )|,

where

∂xj,sj
∂DQj,sj

(DQ) =
σj exp(σjDQj,sj )(1 +

∑
tj 6=s∗j

exp(σjDQj,tj ))− σj exp(σjDQj,sj ) exp(σjDQj,sj )

(1 +
∑

tj 6=s∗j
exp(σjDQj,tj ))

2

=σjxj,sj (DQ)(1− xj,sj (DQ)).

We now show that σjxj,sj (DQ)(1−xj,sj (DQ)) converges to zero as σj →∞. Since DQj,tj <

−k for each tj , we have xj,sj (DQ)→ 0 as σj →∞. Note that

∂ 1
xj,sj (DQ)

∂σj

=
(
∑

tj 6=s∗j
DQj,tj exp(σjDQj,tj )) exp(σjDQj,sj )−DQj,sj exp(σjDQj,sj )(1 +

∑
tj 6=s∗j

exp(σjDQj,tj ))

(exp(σjDQj,sj ))
2

=
(
∑

tj 6=s∗j
DQj,tj exp(σjDQj,tj ))−DQj,sj (1 +

∑
tj 6=s∗j

exp(σjDQj,tj ))

exp(σjDQj,sj )
,

where, when σj →∞, the denominator converges to zero and the numerator converges to
−DQj,sj > k > 0. Therefore, the fraction converges to infinity. Thus, by L’Hospital’s rule,

σjxj,sj (DQ)(1− xj,sj (DQ)) converges to zero as σj →∞.
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Next, we consider the remaining terms in inequality (9), For k ∈ {1, ..., |Sj | − 1}, there
exist λ ∈ (0, 1) and DQ = λDQk + (1− λ)Dk+1 such that

|xj,sj (DQk)− xj,sj (DQk+1)| =|
∂xj,sj
∂DQj,tj

(DQ)(DQj,tj −Dπ∗j,tj )|.

Note that

∂xj,sj
∂DQj,tj

(DQ) =
−σj exp(σjDQj,sj ) exp(σjDQj,tj )

(1 +
∑

tj 6=s∗j
exp(σjDQj,tj ))

2

=− σjxj,sj (DQ)xj,tj (DQ).

By the same logic, −σjxi,si(DQ)xi,ti(DQ) converges to zero as σj →∞.
Therefore, for any ε, there exists σ such that for any σj > σ,

|xj,sj − x∗j,sj | ≤
∑
tj 6=s∗j

|
∂xj,sj
∂DQj,tj

(DQ)(DQj,tj −Dπ∗j,tj )|

≤
∑
tj 6=s∗j

|
∂xj,sj
∂DQj,tj

(DQ)| · |DQj,tj −Dπ∗j,tj |

≤ε||DQ−Dπ∗||∞.

Thus, we have

|x−i,s−i − x∗−i,s−i | ≤
I−2∑
n=0

|xn − xn+1|

≤
∑
j 6=i
|xj,sj − x∗j,sj |

≤ε(I − 1)||DQ−Dπ∗||∞.

Lastly,

|Fi,si(DQ)−Dπ∗i,si | =|
∑
s−i

(πi(si, s−i)− πi(s∗i , s−i))(x−i,s−i − x∗−i,s−i)|

≤
∑
s−i

|πi(si, s−i)− πi(s∗i , s−i)| · |(x−i,s−i − x∗−i,s−i)|

≤
∑
s−i

|πi(si, s−i)− πi(s∗i , s−i)|ε(I − 1)||DQ−Dπ∗||∞

≤K|S|ε(I − 1)||DQ−Dπ∗||∞,
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where K := maxi,si
∑

s−i
|πi(si, s−i) − πi(s∗i , s−i)|. Since we randomly pick i and si and

the right-hand side of the inequality above does not depend on i and si, we have

||F (DQ)−Dπ∗||∞ ≤ K|S|ε(I − 1)||DQ−Dπ∗||∞.

Thus, when we take σ = (σi) large enough so that ε < 1
K|S|(I−1) , β := K|S|ε(I−1) becomes

less than 1.

Lastly, we show that the stochastic adaptive learning process almost surely converges
to the LQRE corresponding to the surviving strategy profile. Note that since Dπ∗i,si =
πi(si, x

∗
−i)− πi(s∗i , x∗−i) < −k for any i and si 6= s∗i , we have x∗i,si < ε for sufficiently large

σi.
27 That is, ||x∗ − s∗||∞ < ε for sufficiently large σ = (σi).

Proposition. For any sufficiently small ε > 0, there exists σ such that for any σ = (σi)
with σi > σ for each i, the stochastic adaptive learning process almost surely converges
to the LQRE which is ε-close to the strategy profile which uniquely survives the iterated
elimination of strategies strictly dominated by pure strategies.

Proof. We have shown that with probability one, there is N such that for any n > N ,
inequality (8) holds. Then by following the argument of Tsitsiklis (1994), the proof of
Theorem 3 in particular, we obtain the result. Below, we replicate the proof of Tsitsiklis
(1994) along with the argument in this paper.

First, as in the proof, we focus on the process {DQ′n = (DQ′n,i,si)}, where DQ′n,i,si :=
DQn,i,si−Dπ∗i,si . We know that there exists B0 such that ||DQ′n||∞ ≤ B0 for any n, as the
initial assessments and payoffs are assumed to be bounded and the new assessment of each
strategy is a convex combination of the observed payoff and the assessment of the previous
period. Note that

DQ′n+1,i,si =DQn+1,i,si −Dπ∗i,si
=(1− λn,i)(DQn,i,si −Dπ∗i,si) + λn,i(πn,i,si −Dπ∗i,si)
=(DQn,i,si −Dπ∗i,si) + λn,i

(
(πn,i,si −Dπ∗i,si)− (DQn,i,si −Dπ∗i,si)

)
=DQ′n,i,si + λn,i

(
(πn,i,si −Dπ∗i,si)−DQ

′
n,i,si + wn,i,si

)
,

where πn,i,si := E[πn,i,si | Fn] and wn,i,si := πn,i,si−πn,i,si , which is a martingale difference
noise.

27Note that

x∗i,si =
exp(σiDπ

∗
i,si)

1 +
∑
ti 6=si,s∗i

exp(σiDπ∗i,ti)

≤ exp(σi(−k))→ 0

as σi →∞.
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Fix ε > 0 such that β(1 + 2ε) < 1 and for each k, let Bk be such that

Bk+1 = β(1 + 2ε)Bk, k ≥ 0.

Note that {Bk} converges to zero as k →∞.
Suppose that there exists nk such that ||DQ′n||∞ ≤ Bk for all n ≥ nk. Here, we utilise

the result we have obtained, so that we let nk > N , where N is the one such that inequality
(8) holds. Then we show that there exists nk+1 ≥ nk such that ||DQ′n||∞ ≤ Bk+1 for all
n ≥ nk+1, which completes the proof of DQ′n = DQn −Dπ∗ converging to zero.

Let Wn,i,si be such that

Wn+1,i,si = (1− λn,i)Wn,i,si + λn,iwn,i,si .

Then we have Wn,i,si → 0 as n→∞.
Now, for any period n0, we define Wn0|n0,i,si = 0 and for n ≥ n0,

Wn+1|n0,i,si =(1− λn,i)Wn|n0,i,si + λn,iwn,i,si .

Then, for any δ > 0, there exists some M such that |Wn+1|m,i,si | ≤ δ for all n + 1 > m ≥
M .28

28See Lemma 2 of Tsitsiklis (1994). Note that

Wn+1|n0,i,si =(1− λn,i)Wn|n0,i,si + λn,iwn,i,si

= (1− λn,i)Wn|n0,i,si +Wn+1|n,i,si

=(1− λn,i)(1− λn−1,i)Wn−1|n0,i,si + (1− λn,i)λn−1,iwn−1,i,si + λn,iwn,i,si

=

n∏
l=n−1

(1− λl,i)Wn−1|n0,i,si + (1− λn,i)Wn|n−1,i,si +Wn+1|n,i,si

=

n∏
l=n−1

(1− λl,i)Wn−1|n0,i,si +Wn+1|n−1,i,si

=

n∏
l=n−2

(1− λl,i)Wn−2|n0,i,si + (1− λn−1,i)Wn−1|n−2,i,si +Wn+1|n−1,i,si

=

n∏
l=n−2

(1− λl,i)Wn−2|n0,i,si +Wn+1|n−2,i,si

= · · ·

=
n∏

l=m

(1− λl,i)Wm|n0,i,si +Wn+1|m,i,si ,

and for n0 = 0, we have

|Wn+1|m,i,si | ≤ |Wn+1|0,i,si |+ |Wm|0,i,si |.

Notice that the two terms on the right-hand side of the inequality above converge to zero as m and n+ 1
converge to infinity, as Wn+1|0,i,si = Wn+1,i,si and Wm|0,i,si = Wm,i,si .
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Let νk ≥ nk be such that for n ≥ νk ≥ nk, |Wn|νk,i,si | ≤ βεBk and ||DQ′n||∞ ≤ Bk. Let
Yνk,i,si = Bk and

Yn+1,i,si = (1− λn,i)Yn,i,si + λn,iβBk

for n ≥ νk.

Lemma 9.

−Yn,i,si +Wn|νk,i,si ≤ DQ
′
n,i,si ≤ Yn,i,si +Wn|νk,i,si

Proof. Suppose that the inequality above holds for some n. Then

DQ′n+1,i,si =(1− λn,i)DQ′n,i,si + λn,i(πn,i,si −Dπ∗i,si + wn,i,si)

≤(1− λn,i)(Yn,i,si +Wn|νk,i,si) + λn,iβBk + λn,iwn,i,si

=Yn+1,i,si +Wn+1|νk,i,si

A symmetrical argument yields −Yn+1,i,si +Wn+1|νk,i,si ≤ DQ
′
n+1,i,si

:

DQ′n+1,i,si =(1− λn,i)DQ′n,i,si + λn,i(πn,i,si −Dπ∗i,si + wn,i,si)

≥(1− λn,i)(−Yn,i,si +Wn|νk,i,si)− λn,iβBk + λn,iwn,i,si

=− Yn+1,i,si +Wn+1|νk,i,si

Now, we know that Yn,i,si converges to βBk as n→∞ and thus,

lim sup
n→∞

||DQ′n,i,si ||∞ ≤ β(1 + ε)Bk < Bk+1,

which completes the proof.

Appendix B Proof for Proposition 3

We first show the almost sure convergence of player 3’s assessment profile and, consequently,
the convergence of her choice probability profile.

Lemma 10. The assessment profile of player 3, {Qn,3 = (Qn,3,s3 , Qn,3,t3)}, almost surely
converges to (0,−1). In addition, the choice probability profile of player 3, {(xn,3,s3 , xn,3,t3) =

(
exp(σ3Qn,3,s3 )

exp(σ3Qn,3,s3 )+exp(σ3Qn,3,t3 )
,

exp(σ3Qn,3,t3 )

exp(σ3Qn,3,s3 )+exp(σ3Qn,3,t3 )
)}, almost surely converges to (x∗3,s3 , x

∗
3,t3

) =

( exp(σ3(0))
exp(σ3(0))+exp(σ3(−1)) ,

exp(σ3(−1))
exp(σ3(0))+exp(σ3(−1))).
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Proof. Note that player 3 receives a payoff of 0 from strategy s3 and a payoff of −1 from t3,
regardless of which strategy profile players 1 and 2 choose. Therefore, the assessments of
s3 and t3 converge to 0 and −1, respectively. Since the logit choice rule is continuous with
respect to the assessment profile, the corresponding choice probabilities also converge.

Since the event that player 3’s assessment profile converges occurs with probability one,
we proceed with the argument conditional on this event.

Next, we focus on the convergence of the assessment profiles of player 1 and player 2.
Note that for each i ∈ {1, 2},

Qn+1,i,si =Qn,i,si + λn,i
( ∑
s−i,s3

πi(si, s−i, s3)1n,−i,s−i1n,3,s3 −Qn,i,si
)

=Qn,i,si + λn,i
( ∑
s−i,s3

πi(si, s−i, s3)xn,−i,s−ixn,3,s3 −Qn,i,si +Mn,i,si

)
=Qn,i,si + λn,i

( ∑
s−i,s3

πi(si, s−i, s3)xn,−i,s−ix
∗
3,s3 −Qn,i,si +Mn,i,si + ηn,i,si

)
,

where

Mn,i,si :=
∑
s−i,s3

πi(si, s−i, s3)1n,−i,s−i1n,3,s3 −
∑
s−i

πi(si, s−i, s3)xn,−i,s−ixn,3,s3 and

ηn,i,si :=
∑
s−i

πi(si, s−i, s3)xn,−i,s−ixn,3,s3 −
∑
s−i

πi(si, s−i, s3)xn,−i,s−ix
∗
3,s3 .

Note that Mn,i,si is a martingale difference noise and ηn,i,si converges to zero with proba-
bility one, as xn,3,s3 almost surely converges to x∗3,s3 . Note that

Qn+1,i,si =Qn,i,si + λn,i
( ∑
s−i,s3

πi(si, s−i)xn,−i,s−ix
∗
3,s3 −Qn,i,si +Mn,i,si + ηn,i,si

)
=Qn,i,si + λn,i

(∑
s−i

πi(si, s−i, x
∗
3)xn,−i,s−i −Qn,i,si +Mn,i,si + ηn,i,si

)
,

where

πi(si, s−i, x
∗
3) :=

∑
s3

πi(si, s−i, s3)x
∗
3,s3 .

Then, we can utilise the analysis of the two-player game between players 1 and 2 with
payoff function πi(si, s−i, x

∗
3), where the corresponding payoff matrix is shown in Figure 3.

Notice that if

10 > 12x∗3,s3 + 6(1− x∗3,s3) = 6x∗3,s3 + 6 and

6(1− x∗3,s3) > 2,
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Figure 3: s3

s2 t2
s1 10, 10 6x∗3,t3 , 12x∗3,s3 + 6x∗3,t3
t1 12x∗3,s3 + 6x∗3,t3 , 6x

∗
3,t3

2, 2

that is, if x∗3,s3 <
2
3 , si strictly dominates ti for each i ∈ {1, 2}. Therefore, the result follows

from Appendix B of Funai (2025) and Proposition 2 of this paper, even with an additional
noise term that converges to zero almost surely.

Appendix C Proof for Proposition 4

We first show the following lemma.

Lemma 11. If si strictly dominates ti, then xn,i,ti → 0 almost surely.

Proof. Note that for DQn,i := Qn+1,i,si −Qn+1,i,ti ,

DQn+1,i = DQn,i + λn,i
(
(πn,i,si − πn,i,ti)−DQn,i

)
=

n∏
m=0

(1− λm,i)DQ0,i +

n∑
m=1

λm,i(

n∏
l=m+1

(1− λl,i))
(
(πl,i,si − πl,i,ti)

)
and

(πn,i,si − πn,i,ti) =
∑
s−i

(πi(si, s−i)− πi(ti, s−i))1n,−i,s−i

≥ min
s−i∈S−i

(πi(si, s−i)− πi(ti, s−i)) =: msi,ti ,

where msi,ti > 0 as si strictly dominates ti. Therefore, for any ε > 0 small enough so that
msi,ti − ε > 0, there exists N such that for any n > N ,

DQn,i ≥ msi,ti − ε > 0

almost surely. This implies that

xn,i,ti =
exp(σn,iQn,i,ti)∑
ui∈Si exp(σn,iQui)

=
1

1 + exp(σn,i(Qn,i,si −Qn,i,ti)) +
∑

ui 6=si,ti exp(σn,i(Qui −Qti))
→ 0
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as n→∞, since for large n,

exp(σn,i(Qn,i,si −Qn,i,ti)) ≥ exp(σn,i(msi,ti − ε)),

and exp(σn,i(msi,ti − ε))→∞ as n and σn,i diverge.

Using Lemma 11, we prove the claim by mathematical induction. Let si be a strategy
which strictly dominates ti at the k-th step of the iterated elimination of strictly dominated
strategies. Recall that

DQn+1,i =DQn,i + λn,i
(
(πn,i,si − πn,i,ti)−DQn,i

)
.

Here, the difference πn,i,si − πn,i,ti can be expressed as follows.

πn,i,si − πn,i,ti =
∑

s−i∈S−i

πi(si, s−i)− πi(ti, s−i)1n,−i,s−i

=
∑

s−i∈S−i\Sk,−i

πi(si, s−i)− πi(ti, s−i)1n,−i,s−i +
∑

s−i∈Sk,−i

πi(si, s−i)− πi(ti, s−i)1n,−i,s−i ,

where Sk,−i is the set of surviving strategy profiles of players except i at k-th step of iterated
elimination of strictly dominated strategies. We now show that for any small ε > 0 such
that mk,si,ti − ε > 0, there exists N such that for any n > N , we have

DQn,i > mk,si,ti − ε > 0

almost surely, where mk,si,ti := mins−i∈Sk,−i(πi(si, s−i)− πi(ti, s−i)) > 0. Note that

DQn+1,i −DQn,i = λn,i
(
(πn,i,si − πn,i,ti)−DQn,i

)
=λn,i

( ∑
s−i∈Sk,−i

(πi(si, s−i)− πi(ti, s−i))1n,−i,s−i +
∑

s−i∈S−i\Sk,−i

(πi(si, s−i)− πi(ti, s−i))1n,−i,s−i −DQn,i
)

=λn,i
( ∑
s−i∈Sk,−i

(πi(si, s−i)− πi(ti, s−i))xn,−i,s−i −DQn,i +DMn,i,si,ti + ηn,i,si,ti
)
,

where

DMn,i,si,ti :=
∑

s−i∈S−i

(πi(si, s−i)− πi(ti, s−i))1n,−i,s−i −
∑

s−i∈S−i

(πi(si, s−i)− πi(ti, s−i))xn,−i,s−i

and

ηn,i,si,ti :=
∑

s−i∈S−i\Sk,−i

(πi(si, s−i)− πi(ti, s−i))xn,−i,s−i ,
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which converges to 0 almost surely by the mathematical induction hypothesis. Therefore,

DQn+1,i =
n∏

m=0

(1− λm,i)DQ0,i

+

n∑
m=1

λm,i(

n∏
l=m+1

(1− λl,i))(
∑

s−i∈Sk

(
πi(si, s−i)− πi(ti, s−i)

)
xm,−i,s−i +DMm,i,si,ti + ηm,i,si,ti).

By a similar argument in Lemma 1, we have

DQn,i > mi,si,ti − ε > 0

for large enough n.29 Again, by the same argument as in Lemma 11, we have xn,i,ti → 0
almost surely as n→∞ and σn,i →∞.

Appendix D Proof for Proposition 5

Note that if πi(si, s−i)− πi(ti, s−i) = k and πi(si, t−i)− πi(ti, t−i) = l for some i, s−i 6= t−i
and 0 < k < l, then for any n > 0 and DQn,i := Qn,i,si − Qn,i,ti , the probabilities of
DQn,i approaching k and l are positive. This means that DQn,i does not almost surely
converge. Since xn,i,si is strictly increasing with respect to DQn,i, xn,i,si does not also
converge almost surely.

In the following, we provide a more rigorous argument, we prove by contradiction in
particular. The intuition is as follows. Suppose that DQn,i almost surely converges to a
random variable DQ. Then, for any ε > 0, there exists N such that for each n > N ,
|DQn,i −DQ| < ε. (i) If DQ > k+l

2 and DQn,i is in the ε-neighbourhood of DQ in period
n, then the probability that DQn+d,i < k+ε is η > 0, where (a) d is the maximum number
of consecutive periods in which s−i is chosen so that DQn,i becomes ε-close to k, and (b)
η is the probability that s−i is chosen consecutively for d periods. This contradicts almost
sure convergence. (ii) If DQ ≤ k+l

2 and DQn,i is in the ε-neighbourhood of DQ in period n,
then the probability that DQn+d′,i > l− ε is η′ > 0, where (c) d′ is the maximum number
of consecutive periods in which t−i is chosen so that DQn,i becomes ε-close to l, and (d)

29Note that

n∏
m=0

(1− λm,i)D0,i,
n∑

m=1

λm,i(
n∏

l=m+1

(1− λl,i))DMm,i,si,ti and

n∑
m=1

λm,i(
n∏

l=m+1

(1− λl,i))ηm,i,si,ti

converge to zero almost surely as n→∞. Also,

n∑
m=1

λm,i(

n∏
l=m+1

(1− λl,i))(
∑

s−i∈Sk,−i

(
πi(si, s−i)− πi(ti, s−i)

)
xm,−i,s−i

becomes greater than mi,si,ti − ε as n→∞.
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η′ is the probability that t−i is chosen consecutively for d periods. This also contradicts
almost sure convergence.

Let DQn,i := Qn,i,si − Qn,i,ti and DQ be a random variable to which DQn,i almost
surely converges. Then we assume that

P({DQn,i → DQ}) = P(∩∞c=1 ∪∞N=1 ∩∞n=N{ω ∈ Ω : |DQn,i(ω)−DQ(ω)| < 1

c
}) = 1.

Since for each c,

∩∞c=1 ∪∞N=1 ∩∞n=N{ω ∈ Ω : |DQn,i(ω)−DQ(ω)| < 1

c
} ⊂ ∪N ∩∞n=N {ω ∈ Ω : |DQn,i(ω)−DQ(ω)| < 1

c
},

we have

P(∪∞N=1 ∩∞n=N {ω ∈ Ω : |DQn,i(ω)−DQ(ω)| < 1

c
}) = 1. (10)

In the following argument, we provide a contradictory argument for equation (10) for small
enough 1

c , which means that the assumption that DQn,i almost surely converges to DQ is
false.

To do so, we consider the partition {{DQ(ω) > k+l
2 }, {DQ(ω) ≤ k+l

2 }} and express
equation (10) as follows:

P
(
∪N ∩∞n=N ({ω ∈ Ω : |DQn,i(ω)−DQ(ω)| < 1

c
} ∩ ({DQ(ω) >

k + l

2
})
)

+P
(
∪N ∩∞n=N ({ω ∈ Ω : |DQn,i(ω)−DQ(ω)| < 1

c
} ∩ ({DQ(ω) ≤ k + l

2
})
)

= 1.

Then for small enough 1
c , we derive a contradiction.

Before doing so, we note two points. First, note that for each n and ω,

DQn,i(ω) ∈(min{min
s−i

(πi(si, s−i)− πi(ti, s−i)), Q0,i,si −Q0,i,ti},

max{max
s−i

(πi(si, s−i)− πi(ti, s−i)), Q0,i,si −Q0,i,ti})

=: (m,M).

Since DQn,i is a convex combination of DQn−1,i and the payoff difference

(πn−1,i,si − πn−1,i,ti) ∈
(

min
s−i

(πi(si, s−i)− πi(ti, s−i)),max
s−i

(πi(si, s−i)− πi(ti, s−i))
)
,

we have P({DQn,i(ω) ∈ R}) = P({DQn,i(ω) ∈ (m,M)}) = 1.
Second, note that (i) DQn,i approaches k if only s−i is chosen from period n onwards,

and (ii) for any ε, the number of periods that DQn,i reaches ε-neighbourhood of k depends
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on the value of DQn,i but not on n itself, as the weighting parameter is fixed and constant
over periods.30 Then, for any n and DQn,i, the number of periods that DQn,i reaches
within ε-neighbourhood of k is the largest when DQn,i = M if |M − k| > |m − k| and
DQn,i = m if |M − k| ≤ |m− k|.

Let DQn,i = M for some n and n′ > n be such that DQn′,i < k + ε when only s−i is
chosen after period n.31 Note that (i) the number of periods reaching the neighbourhood,
d := (n′ − n), does not depend on n itself, as λ is constant over periods, and (ii) for any
DQn,i ∈ (m,M), DQn′,i < k+ ε when only s−i is chosen from period n to period n′. Then
let η := (xs−i)

d, where xs−i is the smallest probability of s−i being chosen in each period.32

Utilising the same argument, we let d′ be the number of periods during which only t−i is
chosen so that DQn,i reaches ε-neighbourhood of l, and η′ := (xt−i)

d′ .
We are now ready to go back to show a contradiction. We first consider the case in

which

P
(
∪∞N=1 ∩∞n=N{ω ∈ Ω : |DQn,i(ω)−DQ(ω)| < 1

c
} ∩ {DQ(ω) >

k + l

2
}
)
> 0.

30Note that for any n′ > n,

DQn′,i =(1− λ)(DQn′−1,i) + λ(πn′−1,i,si − πn′−1,i,ti)

=(1− λ)2(DQn′−2,i) + λ(1− λ)(πn′−2,i,si − πn′−2,i,ti) + λ(πn′−1,i,si − πn′−1,i,ti)

= · · ·

=(1− λ)(n
′−n)(DQn,i) +

(n′−n)−1∑
k=0

λ(1− λ)k(πn′−k−1,i,si − πn′−k−1,i,ti)

which approaches k when only s−i is chosen after period n. Note that when only s−i is chosen after period
n and approaches k, the number of periods that DQn′,i reaches the ε-neighbourhood of k depends on (i)
the difference between n′ and n, n′−n, and (ii) the value of DQn,i. However, note that it does not depend
on n itself, as λ does not depend on n. In other words, if DQn,i = DQm,i for some n 6= m, the number of
periods that DQn,i and DQm,i reach the ε-neighbourhood of k when only s−i is chosen after period n and
m, n′ − n and m′ −m, are the same.

31When DQn,i = m, as m < k + ε, DQn,i < k + ε.
32Note that

P({s−i is chosen in period n} | Fn) =
∏
j 6=i

xn,j,sj .

Note also that for each j,

xn,j,sj =
exp(σjQn,j,sj )∑
uj

exp(σjQn,j,uj )

≥xj,sj :=
1

1 +
∑
sj 6=tj exp(σjDn,j,sj ,tj )

> 0,

where Dn,j,sj ,tj := (M − n). Then xs−i :=
∏
j 6=i xj,sj .
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Then since

∪∞N=1 ∩∞n=N{ω ∈ Ω : |DQn,i(ω)−DQ(ω)| < 1

c
} ∩ {DQ(ω) >

k + l

2
}

⊂ ∪∞N=1 ∩∞n=N {ω ∈ Ω : DQn,i(ω) >
k + l

2
− 1

c
},

we have

P
(
∪∞N=1 ∩∞n=N{ω ∈ Ω : DQn,i(ω) >

k + l

2
− 1

c
}
)
> 0.

Note that there exists N such that33

pN := P
(
∩∞n=N ({ω ∈ Ω : DQn,i(ω) >

k + l

2
− 1

c
}
)
> 0,

33Such N exists, otherwise,

P
(
∪∞N=1 ∩∞n=N ({ω ∈ Ω : DQn,i(ω) >

k + l

2
− 1

c
}
)

≤
∞∑
N=1

P
(
∩∞n=N ({ω ∈ Ω : DQn,i(ω) >

k + l

2
− 1

c
}
)

= 0,

which contradicts with the hypothesis.
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and for each n > N ′ ≥ N , we have34

P({DQn+d,i(ω) < k +
1

c
} ∩ ∩nm=N ′{DQm,i(ω) >

k + l

2
− 1

c
})

= P({DQn+d,i(ω) < k +
1

c
} | ∩nm=N ′{DQm,i(ω) >

k + l

2
− 1

c
})

×P(∩nm=N ′{DQm,i(ω) >
k + l

2
− 1

c
})

≥ ηpN
> 0.

34Note that for each n,

P({DQn+d,i < k +
1

c
} | Fn) ≥ P({Only s−i is chosen from n to n+ d} | Fn) ≥ η,

E[P(DQn+d,i < k +
1

c
| Fn)] = P(DQn+d,i < k +

1

c
) ≥ η,

P(DQn+d′,i > l − 1

c
| Fn) ≥ P({Only t−i is chosen fromn to n+ d′} | Fn) ≥ η′, and

E[P(DQn+d′,i > l − 1

c
| Fn)] = P(DQn+d′,i > l − 1

c
) ≥ η′.

Note also that for each An ∈ Fn such that P(An) > 0,

E[1AnP({DQn+d,i < k +
1

c
} | Fn)] = P(An ∩ {DQn+d,i < k +

1

c
}) ≥ P(An)η,

where the last inequality holds due to the monotonicity of the expectation. Therefore,

P({DQn+d,i < k +
1

c
)} | An) =

P(An ∩ {DQn+d,i < k + 1
c
})

P(An)
≥ η.
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This implies that for N ,35

P
(
∩∞n=N ({ω ∈ Ω : DQn,i(ω) >

k + l

2
− 1

c
}
)
≤ lim

M→∞
(1− η)M = 0,

which contradicts the hypothesis.
Next, we consider the remaining case, in which

P
(
∪∞N=1 ∩∞n=N{ω ∈ Ω : |DQn,i(ω)−DQ(ω)| < 1

c
} ∩ {DQ(ω) >

k + l

2
}
)

= 0,

and thus

P
(
∪∞N=1 ∩∞n=N{ω ∈ Ω : |DQn,i(ω)−D(ω)| < 1

c
} ∩ {DQ(ω) ≤ k + l

2
}
)

= 1.

Then, since

∪∞N=1 ∩∞n=N{ω ∈ Ω : |DQn,i(ω)−D(ω)| < 1

c
} ∩ {DQ(ω) ≤ k + l

2
}

⊂ ∪∞N=1 ∩∞n=N {ω ∈ Ω : DQn,i(ω) ≤ k + l

2
+

1

c
},

35In detail, note that

P
(
∩∞n=N ({ω ∈ Ω : DQn,i(ω) >

k + l

2
− 1

c
}
)

= lim
N′→∞

P
(
∩N
′

n=N ({ω ∈ Ω : DQn,i(ω) >
k + l

2
− 1

c
}
)

≤ lim
M→∞

P
(
∩Mm=0 ({ω ∈ Ω : DQN+md,i(ω) >

k + l

2
− 1

c
}
)

≤ lim
M→∞

P
(
({ω ∈ Ω : DQN+Md,i(ω) >

k + l

2
− 1

c
} | ∩M−1

m=0 {ω ∈ Ω : DQN+md,i(ω) >
k + l

2
− 1

c
}
)

×P
(
({ω ∈ Ω : DQN+(M−1)d,i(ω) >

k + l

2
− 1

c
} | ∩M−2

m=0 {ω ∈ Ω : DQN+md,i(ω) >
k + l

2
− 1

c
}
)

· · ·

×P
(
({ω ∈ Ω : DQN+d,i(ω) >

k + l

2
− 1

c
} | {ω ∈ Ω : DQN,i(ω) >

k + l

2
− 1

c
}
)

×P({ω ∈ Ω : DQN,i(ω) >
k + l

2
− 1

c
})

≤ lim
M→∞

(1− η)M

=0,

Note also that for small enough 1
c

and An ∈ Fn,

P({DQn+d,i(ω) >
k + l

2
− 1

c
} | An})

≤P({DQn+d,i(ω) ≥ k +
1

c
} | An})

≤(1− η).
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we have

P
(
∪∞N=1 ∩∞n=N ({ω ∈ Ω : DQn,i(ω) ≤ k + l

2
+

1

c
}
)
> 0.

Note that for some N ,

p′N := P
(
∩∞n=N ({ω ∈ Ω : Dn,i(ω) ≤ k + l

2
+

1

c
}
)
> 0,

and thus we have36

P
(
∩∞n=N ({ω ∈ Ω : DQn,i(ω) ≤ k + l

2
+

1

c
}
)
≤ lim

M→∞
(1− η′)M = 0,

Therefore, for each case, we have a contradiction.

Appendix E Proof for Proposition 6

We first show that the choice probability of a strictly dominated strategy converges to zero
almost surely. Then we follow the same procedure as before to show that the stochastic

36In detail,

P
(
∩∞n=N ({ω ∈ Ω : DQn,i(ω) ≤ k + l

2
+

1

c
}
)

= lim
N′→∞

P
(
∩N
′

n=N ({ω ∈ Ω : DQn,i(ω) ≤ k + l

2
+

1

c
}
)

≤ lim
M→∞

P
(
∩Mm=0 ({ω ∈ Ω : DQN+md′,i(ω) ≤ k + l

2
+

1

c
}
)

≤ lim
M→∞

P
(
({ω ∈ Ω : DQN+Md′,i(ω) ≤ k + l

2
+

1

c
} | ∩M−1

m=0 {ω ∈ Ω : DQN+md′,i(ω) ≤ k + l

2
+

1

c
}
)

×P
(
({ω ∈ Ω : DQN+(M−1)d′,i(ω) ≤ k + l

2
+

1

c
} | ∩M−2

m=0 {ω ∈ Ω : DQN+md′,i(ω) ≤ k + l

2
+

1

c
}
)

· · ·

×P
(
({ω ∈ Ω : DQN+d′,i(ω) ≤ k + l

2
+

1

c
} | {ω ∈ Ω : DQN,i(ω) ≤ k + l

2
+

1

c
}
)

×P({ω ∈ Ω : DQN,i(ω) ≤ k + l

2
+

1

c
})

≤ lim
M→∞

(1− η′)M

=0.

Note that for small enough 1
c
,

P({DQn+d′,i(ω) ≤ k + l

2
+

1

c
} | ∩nm=N′{DQm,i(ω) ≤ k + l

2
+

1

c
}})

≤P({DQn+d′,i(ω) ≤ l − 1

c
} | ∩nm=N′{DQm,i(ω) ≤ k + l

2
− 1

c
}})

≤(1− η′).
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adaptive learning process converges to the surviving strategy profile.

Lemma 12. For each strictly dominated strategy ti, xn,i,ti → 0 almost surely.

Proof. Let ti be strictly dominated by si. That is,

πi(ti, s−i) < πi(si, s−i)

for each s−i ∈ S−i. Note that

Qn+1,i,si =(1− λ)Qn,i,si + λπn,i,si

=(1− λ)2Qn−1,i,si + (1− λ)λπn−1,i,si + λπn,i,si

= · · ·

=(1− λ)n+1Q0,i,si +

n∑
m=1

λ(1− λ)n−mπm,i,si .

Note that (1− λ)n+1Q0,i,si → 0 as n→∞. Note also that

πn,i,si − πn,i,ti =
∑

s−i∈S−i

πi(si, s−i)1n,−i,s−i −
∑

s−i∈S−i

πi(ti, s−i)1n,−i,s−i

=
∑

s−i∈S−i

(
πi(si, s−i)− πi(ti, s−i)

)
1n,−i,s−i

≥Dsi,ti

where Dsi,ti := mins−i∈S−i(πi(si, s−i) − πi(ti, s−i)) > 0. Therefore, for any small ε > 0
such that Dsi,ti − ε > 0, there exists N such that for any n > N ,

Qn+1,i,si −Qn+1,i,ti =(1− λ)n+1(Q0,i,si −Q0,i,ti) +

n∑
m=1

λ(1− λ)n−m(πm,i,si − πm,i,ti)

≥Dsi,ti − ε > 0.

Therefore,

xn,i,ti =
exp(σn,iQn,i,ti)∑
ui

exp(σn,iQn,i,ui)

=
1

1 + exp(σn,i(Qn,i,si −Qn,i,ti)) +
∑

ui 6=si,ti exp(σn,i(Qn,i,ui −Qn,i,ti))

≤ 1

exp(σn,i(Dsi,ti − ε))
→0
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as n→∞.37

Then, by following the argument in Proposition 4, we obtain the result.
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