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Abstract This study proposes “generalized homothetic robust Epstein-Zin
(GHREZ) utility,” in which the coefficient of relative ambiguity aversion in ho-
mothetic robust Epstein-Zin (HREZ) utility is generalized to a positive-definite
matrix of relative ambiguity aversions. We analyze a robust consumption–
investment problem with GHREZ utility under a quadratic security market
model. We demonstrate that the volatility of the optimal robust portfolio can
be expressed as a weighted average of the market price of risk and the “in-
vestor hedging value of intertemporal uncertainty.” We derive an approximate
optimal robust portfolio. We introduce the concept of “mean relative ambigu-
ity aversion,” and compare the relationship between the approximate optimal
robust portfolios and relative ambiguity aversion matrices with an identical
mean relative ambiguity aversion. Numerical analysis reveals that, as devia-
tions from the case of HREZ utility increase, deviations from the approximate
optimal asset allocation under HREZ utility also increase, and the sensitiv-
ity is quite large. This finding suggests that GHREZ utility is promising for
solving the equity home bias puzzle.

Keywords Ambiguity aversion, Consumption-investment problem, Generar-
lized stochastic differential utility
JEL Classification C61 · G11

1 Introduction

Two key points should be considered when studying consumption–investment
problems. The first point is the stylized fact that interest rates, the market
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price of risk, variances and covariances of asset returns, and inflation rates
in the securities market are stochastic and mean-reverting. The second is the
Knightian uncertainty, as confirmed by the global financial crisis. Regarding
the first point, Batbold, Kikuchi, and Kusuda [2] examine the consumption–
investment problem under a quadratic security market (QSM) model that
satisfies the stylized fact. The QSM model is classified as a quadratic model1,
which is a generalization of the affine model (Duffie and Kan [11]).2 Batbold et
al. [2] derive an optimal portfolio under constant relative risk aversion (CRRA)
utility, demonstrating that the optimal portfolio is decomposed into myopic,
intertemporal hedging, and inflation–deflation hedging demands. Their nu-
merical analysis highlights the nonlinearity and significance of market timing
effects, attributing nonlinearity to the stochastic variances and covariances
of asset returns, and significance to the inflation–deflation hedging demand,
alongside myopic demand.

Investors with homothetic3 robust utility, proposed by Maenhout [29] and
theoretically justified by Skiadas [33] and Kusuda [22], regard the “base prob-
ability” as the most likely probability; however, they also consider other prob-
abilities because the true probability is unknown. Homothetic robust utility
is a homothetic robust version of CRRA utility, and is applied in various ro-
bust control studies such as Skiadas [33], Maenhout [30], Liu [28], Branger,
Larsen, and Munk [5], Munk and Rubtsov [31], Yi, Viens, Law, and Li [35],
and Kikuchi and Kusuda [20]. Homothetic robust Epstein-Zin (HREZ) util-
ity, presented by Maenhout [29], is a homothetic robust version of Epstein-Zin
utility (Epstein and Zin [13]) and a generalization of homothetic robust utility.
The properties of HREZ utility are studied in Kusuda [22]. HREZ utility is
applied to numerous studies, including asset pricing (Maenhout [29]), worst-
case returns (Batbold et al. [4]), and consumption–investment (Kikuchi and
Kusuda [21]). HREZ utility is characterized by subjective discount rate, elas-
ticity of intertemporal substitution (EIS), relative risk aversion, and relative
ambiguity aversion. Following Kikuchi and Kusuda [20], the sum of relative
risk and ambiguity aversions is termed “relative uncertainty aversion,” and
the inverse of relative uncertainty aversion, “relative uncertainty tolerance.”
Kikuchi and Kusuda [21] examine a finite-time consumption–investment prob-
lem based on HREZ utility under the QSM model of Batbold et al. [2].

Investor ambiguity aversion toward a risk depends on the investor’s level
of knowledge regarding that risk. For instance, an investor with a lower level
of knowledge about foreign risks than about domestic ones exhibits greater
ambiguity aversion toward foreign risks than toward domestic ones. However,

1 The quadratic model is independently developed by Ahn, Dittmar, and Gallant [1] and
Leippold and Wu [26].

2 Quadratic models are employed in studies of empirical analysis (Leippold and Wu [27],
Kim and Singleton [24], and Kikuchi [18]), security pricing (Chen, Filipović, and Poor [7],
Branger and Munk [6], Filipović, Gourier, and Mancini [14], and Batbold, Kikuchi,
and Kusuda [4]), and optimal consumption–investment (Batbold et al. [2], Kikuchi and
Kusuda [19], [20], and Batbold, Kikuchi, and Kusuda [3]).

3 A utility function U is homothetic if, for any consumption plan c and c̃, and any scaler
ε0 > 0, U(ε0c̃) ≥ U(ε0c) ⇔ U(c̃) ≥ U(c).
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relative ambiguity aversions for all risks are equal in HREZ utility. We pro-
pose generalized HREZ (GHREZ) utility in which the coefficient of relative
ambiguity aversion in HREZ utility is generalized to a positive-definite ma-
trix of relative ambiguity aversions. This matrix is referred to as the “relative
ambiguity aversion matrix.” In this matrix, each element depends on the cor-
responding risk. The coefficient of relative uncertainty tolerance in HREZ util-
ity is generalized to the “matrix of relative uncertainty tolerances” in GHREZ
utility. We address the consumption–investment problem based on GHREZ
utility under the QSM model of Batbold et al. [2]. The objective of this study
is to derive the optimal robust portfolio under GHREZ utility and to examine
the relationship between the optimal robust portfolio and relative ambiguity
aversion matrix.

The main results of this study are summarized as follows. Firstly, we derive
an optimal solution that includes an unknown function, which is a solution to a
nonlinear partial differential equation (PDE). This solution is a generalization
of the one derived by Kikuchi and Kusuda [21] for HREZ utility.

Secondly, the volatility of the optimal robust portfolio is expressed as a
weighted average of the market price of risk and the investor hedging value
of intertemporal uncertainty (IHVIU) introduced by Batbold et al. [4]. Here,
the weight for the market price of risk is the matrix of relative uncertainty
tolerances. In the QSM models, risks are generated by the N -dimensional
standard Brownian motion. Let n ∈ {1, · · · , N}. The n-th risk is generated
by the n-th element of Brownian motion. The n-th element of the volatility of
the optimal robust portfolio is interpreted as representing investment in the
n-th risk. For HREZ utility, the volatility of the optimal robust portfolio for
the n-th risk depends solely on the market price of n-th risk and the investor
hedging value of n-th intertemporal uncertainty, with common weight across
all risks. By contrast, for GHREZ utility, it depends on the entire vectors of
market price of risk and IHVIU, with the weight different from that of the
m-th element of the volatility of the optimal robust portfolio for all m ̸= n.

Thirdly, applying the linear approximation method of Kikuchi and Kusuda [20]
to the aforementioned nonlinear PDE results in the attainment of an approxi-
mate optimal solution, a generalization of Kikuchi and Kusuda [21]’s solution
for HREZ utility.

Fourthly, we conduct a simple numerical analysis assuming that investors
with GHREZ utility invest in the S&P 500, 10-year Treasury Inflation-Protected
Securities (TIPS), and money market account under a simple two-factor QSM
model. We introduce mean relative ambiguity aversion and compare the ap-
proximate optimal robust asset allocation of investors with different relative
ambiguity aversion matrices that have identical mean relative ambiguity aver-
sion. As deviations from the case of HREZ utility increase, deviations from the
approximate optimal asset allocation under HREZ utility also increase, and
the sensitivity is quite large. This finding implies that when specifying GHREZ
utility, it is crucial to discern the overall structure of the relative ambiguity
aversion matrix, rather than solely focusing on the mean relative ambiguity
aversion.
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The standard international capital asset pricing model (CAPM) demon-
strates that the portfolio weight of each country’s equity holdings should be
equal to its relative market capitalization share in the world. However, in re-
ality, most investors hold nearly all of their wealth in domestic equity. This
under-diversification phenomenon is documented as equity home bias puzzle in
the literature (French and Poterba [15], Coeurdacier and Rey [8], and Cooper,
Sercu, and Vanpee [9]). The standard international CAPM assumes CRRA
utility, with equal relative uncertainty aversions for both domestic and foreign
risks. To address the equity home bias puzzle, we propose to assume GHREZ
utility where the relative ambiguity aversion matrix is diagonal and the rela-
tive ambiguity aversions for foreign risks are greater than those for domestic
risks. We expect the portfolio weight of each foreign country’s equity hold-
ings to be significantly less than its relative market capitalization share in the
world. This is suggested by the finding that as deviations from the case of
equal relative ambiguity aversions for all risks increase, deviations from the
approximate optimal asset allocation under HREZ utility also increase, and
the sensitivity is quite large.

The remainder of this paper is organized as follows. Section 2 introduces
GHREZ utility and reviews the QSM model. Section 3 derives the optimal
robust control and PDE for indirect utility and analyzes the volatility of the
optimal robust portfolio. Section 4 derives a linear approximate optimal port-
folio. Section 5 conducts a simple numerical analysis and Section 6 addresses
future research. The appendix includes proofs of the lemma and proposition.

2 GHREZ Utility and the QSM Model

This section introduces GHREZ utility and reviews the QSM model. The in-
vestor’s optimal robust control problem is subsequently presented.

2.1 Environment

We consider United States (US) markets over the period [0,∞).4 Investors’
common subjective probability and information structure are modeled by a
complete filtered probability space (Ω,F ,F,P), where F = (Ft)t∈[0,∞) is the
natural filtration generated by an N -dimensional standard Brownian motion
Bt. We denote the expectation operator under P by E and the conditional
expectation operator given Ft by Et.

Frictionless markets for a consumption commodity and securities exist at
every date t ∈ [0,∞), and the consumer price index pt is observed. The traded
securities are K types of non-bond indices, the instantaneous nominal risk-free
security (the money market account (MMA)), and a continuum of zero-coupon
bonds and zero-coupon inflation-indexed bonds, with maturity dates (t, t+τ∗],
where τ∗ is the longest time to maturity of the bonds. Each zero-coupon bond

4 Investors must consider infinite-time markets because stocks are priced as the discounted
present value of the dividend stream over infinite time.
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has a 1 US dollar (USD) payoff at maturity, and each zero-coupon inflation-
indexed bond has a pT USD payoff at maturity T . At each date t, Pt, P

T
t ,

QTt , and Skt represent the USD prices of the MMA, zero-coupon bond with
maturity date T , zero-coupon inflation-indexed bond maturing at T , and the
k-th index, respectively. Let A′ denote the transpose of A and In the n × n
identity matrix. Let On and 0n denote the n × n zero matrix and the n zero
vector, respectively.

2.2 GHREZ Utility and Directional Ambiguity Aversion

2.2.1 GHREZ Utility

First, we begin with Epstein-Zin utility. Let V EZ denote the Epstein-Zin utility
process defined by

V EZ
t = Et

[∫ T∗

t

f(cs, V
EZ
s )ds

]
, ∀t ∈ [0, T ∗], (2.1)

where the normalized aggregator from Duffie and Epstein [10] is given by

f(c, v) =
β

1− ψ−1
c1−ψ

−1(
(1− γ)v

)1− 1−ψ−1

1−γ − β(1− γ)

1− ψ−1
v, (2.2)

where β > 0 is the subjective discount rate, γ > 0 is the relative risk aver-
sion, and ψ > 0 is the EIS. Schroder and Skiadas [34] prove that if (γ, ψ) ∈
(0, 1) × (1,∞) ∪ (1,∞) × (0, 1), then for any consumption plan c such that

E
[∫ T∗

0

cltdt + clT∗

]
< ∞ for all l ∈ R, there exists a unique V such that

E
[
ess sup

t∈[0,T∗]

|V EZ
t |l

]
< ∞ for every l > 0. Many empirical analyses indicate

γ > 1 > ψ > 0. Skiadas [32] demonstrates that if γψ > 1, then the agent is
information seeking.

Agents with robust utility regard probability P as the most likely proba-
bility, but also consider other probabilities because the true probability is un-
known. Thus, the agents assume set P of all equivalent probability measures5 as
the alternative probabilities. According to Girsanov’s theorem, any equivalent
probability measure is characterized by a measurable process (ξt)t∈[0,T ] with
Novikov’s integrability condition as the following Radon-Nikodym derivative:

ET

[
dPξ

dP

]
= exp

(∫ T

0

ξt dBt −
1

2

∫ T

0

|ξt|2dt
)

∀T ∈ (0,∞). (2.3)

Therefore, the agents rationally determine the worst-case probability by con-
sidering deviations from P.

5 A probability measure P̃ is said to be an equivalent probability measure of P if and only
if P(A) = 0 ⇔ P̃(A) = 0.
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Definition 1 GHREZ utility is defined by

U(c) = inf
Pξ∈P

Eξ

[∫ T∗

0

(
f(ct, V

ξ
t ) +

(1− γ)V ξt
2

ξ′tΘ
−1ξt

)
dt

]
, (2.4)

where Θ is a positive-definite matrix, and V ξt is the utility process defined
recursively as

V ξt = Eξt

[∫ T∗

t

(
f(cs, V

ξ
s ) +

(1− γ)V ξs
2

ξ′sΘ
−1ξs

)
ds

]
. (2.5)

We refer toΘ as the relative ambiguity aversion matrix. An interesting subclass
of GHREZ utilities is one for which the relative ambiguity aversion matrix is
diagonal, that is, Θ = diag(θ1, θ2, · · · , θN ) where θn > 0 for all n ∈ {1, · · · , N}.
If θn = θ for every n ∈ {1, · · · , N}, then GHREZ utility reduces to HREZ
utility.

Remark 1 Kusuda [23] derives the generalized stochastic differential utility
(GSDU) (Lazrak and Quenez [25]) representation of U(c) given by Eq. (2.4).

Vt = Et

[∫ T∗

t

(
f(cs, Vs)−

1

2(1− γ)Vs
σ′
sΘσs.

)
ds

]
, ∀t ∈ [0, T ∗], (2.6)

where σ is the volatility of V . El Karoui, Peng, and Quenez [12] demonstrate
that GSDU is time consistent and increasing in consumption. Kusuda [23]
implies the following: i) GHREZ utility is risk averse, and ii) GHREZ utility
with (β, γ∗, ψ,Θ∗) is more risk averse than GHREZ utility with (β, γ, ψ,Θ)
if γ∗ ≥ γ. Kusuda [23] also demonstrates the following properties: i) GHREZ
utility is SDU if and only if it is reduced to HREZ utility, ii) GHREZ utility is
homothetic and ambiguity averse, and iii) GHREZ utility with (β, γ, ψ,Θ∗) is
more ambiguity averse than GHREZ utility with (β, γ, ψ,Θ) if Θ∗ ≥ Θ, i.e.,
(Θ∗ −Θ) is positive semidefinite.

2.2.2 Directional Ambiguity Aversion

Following Kusuda [23], we introduce the notion of aversion to directional am-
biguity. We assume, without loss of generality, that Brownian motion B =
(B1, B2)

′ is two-dimensional, that is, N = 2. The unit direction vector d(α)
and direction Bα are defined by

d(α) =

(
cosα
sinα

)
, Bα = d(α)′B. (2.7)

We assume that GHREZ utility U is expressed by Eq. (2.6). Uα is defined by
the following utility process:

dV αt = −
(
f(ct, V

α
t )− 1

2(1− γ)V αt
d(α)′Θd(α)|σ̄t|2

)
dt+ σ̄tdB

α
t , V αT∗ = 0,

(2.8)
where σ̄t = |σt|.
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Definition 2 Let U be GHREZ utility with (β, γ, ψ,Θ). U is more ambiguity
averse in the direction Bα̂ than in Bα if for every consumption plan c, U α̂(c) ≤
Uα(c).

Remark 2 Let U be GHREZ utility with parameters (β, γ, ψ,Θ). Kusuda [23]
demonstrates a proposition that if d(α̂)′Θd(α̂) ≥ d(α)′Θd(α), then U is more

ambiguity averse in Bα̂ than in Bα. For example, assume α = 0 and α̂ =
π

2
.

Let

Θ =

(
θ11 θ12
θ12 θ22

)
. (2.9)

Then, Bα = B1, B
α̂ = B2, and d(α)′Θd(α) = θ11, d(α̂)

′Θd(α̂) = θ22. There-
fore, the above proposition demonstrates that if θ11 < θ22, then U is more
ambiguity averse in B2 than in B1.

2.3 QSM Model

We assume the following QSM model introduced by Batbold et al. [2] and
Kikuchi and Kusuda [19].

Assumption 1 Let k ∈ {1, · · · ,K}. Let (ρ0, ι0, δ0k, σ0k), (λ, ρ, ι, σp, δk, σk),
and (R,∆k, Σk) denote scalers, N -dimensional vectors, and N ×N positive-
definite symmetric matrices, respectively.

1. The state vector process Xt is N -dimensional and satisfies the following
stochastic differential equation (SDE):

dXt = −KXt dt+ IN dBt, (2.10)

where K is an N × N lower triangular matrix with positive diagonal ele-
ments.

2. The market price λt of risk (MPR) and the instantaneous nominal risk-free
rate rt are given by

λt = λ+ ΛXt, (2.11)

rt = ρ0 + ρ′Xt +
1

2
X ′
tRXt, (2.12)

where Λ is an N ×N lower triangular matrix, and (ρ0, ρ,R) satisfies ρ0 =
1

2
ρ′R−1ρ.6

3. The consumer price index pt satisfies

dpt
pt

= µpt dt+ (σpt )
′dBt, p0 = 1, (2.13)

where µpt and σpt are given by

µpt = ι0 + ι′Xt +
1

2
X ′
tIXt, σpt = σp +ΣpXt, (2.14)

where I is an N ×Npositive-semidefinite symmetric matrix.

6 This condition ensures that the instantaneous nominal risk-free rate is non-negative.
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4. The dividend rate of the k-th index is given by

Dk
t =

(
δ0k + δ′kXt +

1

2
X ′
t∆kXt

)
exp

(
σ0kt+ σ′

kXt +
1

2
X ′
tΣkXt

)
,

(2.15)

where (δ0k, δk,∆k) satisfies δ0k =
1

2
δ′k∆

−1
j kδj.

7

5. Markets are complete and arbitrage-free.

Let τ = T − t denote the time to maturity of bond PTt or inflation-indexed
bond QTt . Batbold et al. [2] show that the dynamics of security price processes
satisfy the following (for proof, see Appendix A.1 in Batbold et al. [2]):

1. The default-free bond with time τ to maturity:

dPTt
PTt

= (rt + (σ(τ) +Σ(τ)Xt)
′λt) dt+ (σ(τ) +Σ(τ)Xt)

′ dBt, PTT = 1,

(2.16)
where (Σ(τ), σ(τ)) is a solution to the system of ordinary differentail equa-
tions (ODEs) (A.1) and (A.2).

2. The default-free inflation-indexed bond with time τ to maturity:

dQTt
QTt

=

(
rt+

(
σq(τ)+Σq(τ)Xt

)′
λt

)
dt+

(
σq(τ)+Σq(τ)Xt

)′
dBt, (2.17)

where (Σq(τ), σq(τ)) = (Σ̄q(τ) + Σp, σ̄q(τ) + σp) and (Σ̄q(τ), σ̄q(τ)) is a
solution to the system of ODEs (A.3) and (A.4).

3. The k-th index:

dSkt +Dk
t dt

Skt
= (rt + (σk +ΣkXt)

′λt) dt+ (σk +ΣkXt)
′ dBt, (2.18)

where Σk is a solution to Eq. (A.5) and σk is given by Eq. (A.6).

2.4 Investor

Let Pt(τ) = PTt and Qt(τ) = QTt where τ = T − t.

Assumption 2 The investor has the GHREZ utility of the form (2.4), where
γ > 1 > ψ > 0 and γψ > 1. The investor invests in Pt(τ1), · · · , Pt(τI), Qt(τ q1 ), · · · , Qt(τ

q
J),

and S1
t , · · · , SKt at time t, where I + J +K = N . Let ΦP (τ), ΦQ(τ q), and Φk

denote the portfolio weights on the bond with τ -time to maturity, inflation-
indexed bond with τ q-time to maturity, and k-th index, respectively. Let Φt

7 This condition ensures that dividend rates are non-negative processes.
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and Σ(Xt) denote the portfolio weight and volatility matrix at time t. Φt and
Σ(Xt) are expressed as follows:

Φt =



ΦPt (τ1)
...

ΦPt (τI)

ΦQt (τ
q
1 )

...

ΦQt (τ
q
J)

Φ1
t
...
ΦKt


, Σ(Xt) =



(
σ(τ1) +Σ(τ1)Xt

)′
...(

σ(τI) +Σ(τI)Xt

)′(
σq(τ

q
1 ) +Σq(τ

q
1 )Xt

)′
...(

σq(τ
q
J) +Σq(τ

q
J)Xt

)′
(σ1 +Σ1Xt)

′

...
(σK +ΣKXt)

′


. (2.19)

2.5 Real Budget Constraint and Robust Control Problem

To derive the real budget constraint, we define the real MPR λ̄(Xt) and the
instantaneous real risk-free rate r̄(Xt) by

λ̄(Xt) = λt − σpt , (2.20)

r̄(Xt) = rt − µpt + λ′tσ
p
t . (2.21)

Then, λ̄(Xt) and r̄(Xt) are expressed as

λ̄(Xt) = λ̄+ Λ̄Xt, (2.22)

r̄(Xt) = ρ̄0 + ρ̄′Xt +
1

2
X ′
tR̄Xt, (2.23)

where

λ̄ = λ− σp, Λ̄ = Λ−Σp, (2.24)

ρ̄0 = ρ0 − ι0 + λ′σp, ρ̄ = ρ− ι+ Λ′σp +Σ′
pλ, (2.25)

R̄ = R− I +Σ′
pΛ+ Λ′Σp. (2.26)

Let W and W̄ denote the nominal wealth process and real wealth process,
respectively. Let X = (W̄ ,X ′)′ and W̄0 > 0. Kikuchi and Kusuda [19] show
that, given an initial state X0, a consumption plan c, and a self-financing
portfolio weight Φ, the real budget constraint equation is given by

dW̄t

W̄t
=

(
r̄(Xt) + ς̄ ′tλ̄(Xt)−

ct
W̄t

)
dt+ ς̄ ′t dBt, W̄t > 0, ∀t ∈ (0, T ∗),

(2.27)
where

ς̄t := Σ(Xt)
′Φt − σpt . (2.28)
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Remark 3 Eq. (2.27) indicates that ς̄t represents the volatility of portfolio Φt.
The n-th element ς̄nt of portfolio volatility represents the investment in the
risk in the direction Bnt. Eq. (2.27) also exhibits that the n-th element λ̄nt of
the (real) MPR is the reward for unit investment in the risk in the direction
Bnt.

We say that a control (c, ς̄) is admissible if it satisfies the real budget
constraint (2.27) with initial state X0. Let B(X0) denote the set of admissible
controls. The investor’s robust consumption–investment problem is given by

sup
(c,ς̄)∈B(X0)

inf
Pξ∈P

V ξ0 . (2.29)

3 Optimal Robust Control

This section derives the optimal robust control and PDE for indirect utility,
followed by an analysis of the volatility of the optimal robust portfolio.

3.1 Optimal Control and the PDE for Indirect Utility

Let Γ = γI, Ψ = ψI and τ∗ = T ∗− t, hereafter. Let W̄ ∗ and (c∗, ς̄∗) denote the
optimal real wealth and optimal control, respectively. The following lemma
generalizes Lemma 1 by Kikuchi and Kusuda [21], in the case of HREZ utility.

Lemma 1 Under Assumptions 1 and 2, the indirect utility function, optimal
wealth, and optimal control for problem (2.29) satisfy Eqs. (3.1)–(3.4), and G
is a solution to the PDE (3.5).

J(t,X∗
t ) =

W̄ ∗1−γ
t

1− γ

(
G(τ∗, Xt)

) 1−γ
ψ−1 , (3.1)

W̄ ∗
t =W0 exp

(∫ t

0

(
r̄s + (ς̄∗s )

′λ̄s −
βψ

G(τ, s)
− 1

2
|ς̄∗s |2

)
ds+

∫ t

0

(ς̄∗s )
′ dBs

)
,

(3.2)

c∗t = βψ
W̄ ∗
t

G(τ∗, Xt)
, (3.3)

ς̄∗t = (Γ +Θ)−1λ̄t +
(
IN − (Γ +Θ)−1

)( 1

1− ψ

Gx(τ
∗, Xt)

G(τ∗, Xt)

)
, (3.4)

Gτ =
1

2
tr [Gxx] +

1

2(1− ψ)

G′
x

G

(
Ψ − (Γ +Θ)−1

)
Gx

−
(
Kx+

(
IN−(Γ+Θ)−1

)
λ̄(x)

)′
Gx−

(
1− ψ

2
λ̄(x)′(Γ +Θ)−1λ̄(x) + (1− ψ) r̄(x) + βψ

)
G+βψ,

G(0, x) = 0. (3.5)

Proof See Appendix B.1.
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Remark 4 Strictly speaking, (c∗, ς̄∗) is a candidate for optimal control because
we do not provide a verification theorem; we tentatively call (c∗, ς̄∗) optimal
control in this study.

Note that (Γ + Θ)−1 in Eqs. (3.4) and (3.5) is well-defined because Γ is
positive definite. Kikuchi and Kusuda [20] refer to the sum of relative risk
aversion and relative ambiguity aversion as the relative uncertainty aversion.
They also refer to the reciprocal of the relative uncertainty aversion as the rel-
ative uncertainty tolerance. We refer to (Γ +Θ) and (Γ +Θ)−1 as the matrix
of relative uncertainty aversions and the matrix of relative uncertainty toler-
ances, respectively. These concepts generalize the relative uncertainty aversion
and relative uncertainty tolerance.

3.2 Volatility of the Optimal Robust Portfolio

Let η̄∗t :=
1

1− ψ

Gx(τ
∗, Xt)

G(τ∗, Xt)
. Following Batbold et al. [4], we refer to η̄∗t as the

investor hedging value of intertemporal uncertainty (IHVIU). From Eq. (2.28),
the volatility of optimal robust portfolio satisfies

ς̄∗t = Σ(Xt)
′Φ∗
t = (Γ +Θ)−1λt +

(
IN − (Γ +Θ)−1

)
η̄∗t . (3.6)

Eq. (3.6) demonstrates that the volatility of the optimal robust portfolio is
a weighted average of the MPR and the IHVIU, where the weight for the
nominal market price of risk is the matrix of relative uncertainty tolerances.

Let vnt denote the n-th element of vector process vt. In the case of HREZ
utility, GHREZ utility with Θ = diag(θ1, · · · , θN ), and general GHREZ utility,
Eq. (3.6) is rewritten as (3.7), (3.8), and (3.9), respectively.

ς̄∗nt = (γ + θ)−1λnt +
(
1− (γ + θ)−1

)
η̄∗nt, (3.7)

ς̄∗nt = (γ + θn)
−1λnt +

(
1− (γ + θn)

−1
)
η̄∗nt, (3.8)

ς̄∗nt =
(
(Γ +Θ)−1

)
n
λt +

(
IN − (Γ +Θ)−1

)
n
η̄∗t . (3.9)

In Eq. (3.9), Mn is the n-th row of matrix M .

Remark 5 In all of the Eqs. (3.7)–(3.9), the volatility of the optimal robust
portfolio is a weighted average of the MPR and the IHVIU. In the case of
HREZ utility and GHREZ utility with Θ = diag(θ1, · · · , θN ), ς̄∗nt depends only
on the corresponding market price λnt of risk and investor hedging value ηnt
of intertemporal uncertainty. However, in the case of HREZ utility, its weight
is the common relative uncertainty tolerance (γ + θ)−1, whereas in the case
of GHREZ utility with Θ = diag(θ1, · · · , θN ), its weight is the corresponding
relative uncertainty tolerance (γ + θn)

−1. Furthermore, in the case of general
GHREZ utility, ς̄∗nt depends not only on (λnt, η̄

∗
nt) but also on (λmt, η̄

∗
mt) for

all m ̸= n and its weight depends on the n-th row elements of the matrix of
the relative uncertainty tolerances.
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4 Approximate Optimal Robust Portfolio

This section applies the time-dependent linear approximation method of Kikuchi
and Kusuda [20] to the nonlinear PDE (3.5) and derives an approximate op-
timal robust portfolio.

4.1 Linear Approximate Solution

The PDE (3.5) is rewritten as

Gτ =
1

2
tr [Gxx] +

1

2(1− ψ)

G′
x

G

(
Ψ − (Γ +Θ)−1

)
Gx

−
(
Kx+

(
IN − (Γ +Θ)−1

)
(λ̄+ Λ̄x)

)′
Gx

−
{
1− ψ

2
(λ̄+ Λ̄x)′(Γ +Θ)−1(λ̄+ Λ̄x) + (1− ψ)

(
ρ̄0 + ρ̄′x+

1

2
x′R̄x

)
+ βψ

}
G+βψ.

(4.1)

Let G̃ denote a time-dependent linear approximate solution of the PDE (4.1).
The linear approximation method of Kikuchi and Kusuda [20] approximates
Gx
G

in the nonlinear term of the PDE (4.1) by a linear function of x.

G̃x

G̃
= a(τ∗) +A(τ∗)x, (4.2)

where (a(τ), A(τ)) is specified at the end of this subsection. The following
approximate nonhomogeneous linear PDE is obtained.

G̃τ = LG̃+ βψ, G̃(0, x) = 0, (4.3)

where L is the linear differential operator defined by

LG̃ =
1

2
tr
[
G̃xx

]
+

(
1

2(1− ψ)

(
a(τ) +A(τ)x

)(
Ψ − (Γ +Θ)−1

)
+KXt +

(
IN − (Γ +Θ)−1

) (
λ̄+ Λ̄x

))′

G̃x

−
{
1− ψ

2
(λ̄+ Λ̄x)′(Γ +Θ)−1(λ̄+ Λ̄x) + (1− ψ)

(
ρ̄0 + ρ̄′x+

1

2
x′R̄x

)
+ βψ

}
G̃.

(4.4)

To solve the PDE (4.3), we first consider the following homogeneous linear
PDE:

∂

∂τ
g̃(τ∗, x) = Lg̃(τ∗, x), g̃(0, x) = 1. (4.5)

An analytical solution to the PDE (4.5) is expressed as

g̃(τ, x) = exp

(
b0(τ

∗) + b(τ∗)′x+
1

2
x′B(τ∗)x

)
, (a0, a, A)(0) = 0, (4.6)
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where B(τ) is a symmetric matrix. Then, a semi-analytical solution to the
PDE (4.3) is expressed as

G̃(τ∗, x) =

∫ τ∗

0

g̃(s, x) ds. (4.7)

Define b̃(τ,∗ x) and B̃(τ∗, x) by

b̃(τ, x) =
1

G̃(τ∗, x)

∫ τ∗

0

g̃(s, x)b(s) ds,

B̃(τ, x) =
1

G̃(τ∗, x)

∫ τ∗

0

g̃(s, x)B(s) ds.

(4.8)

In Eq. (4.2), we set (a(τ∗), A(τ∗)) = (b̃(τ∗, 0), B̃(τ∗, 0)), that is,

G̃x

G̃
= b̃(τ∗, 0) + B̃(τ∗, 0)x. (4.9)

4.2 Approximate Optimal Portfolio

Let H = K +
(
IN − (Γ +Θ)−1

)
Λ̄. Define functions m2,m1, and m0 by

m2(B) = B2 −H ′B −BH − (1− ψ)
(
Λ̄′(Γ +Θ)−1Λ̄+ R̄

)
,

m1(B, b) =

(
B −H ′)b−

(
IN − (Γ +Θ)−1

)
Bλ̄− (1− ψ)

(
Λ̄′(Γ +Θ)−1λ̄+ ρ̄

)
,

m0(B, b) =
1

2

(
tr[B] + |b|2

)
− λ̄′

(
IN − (Γ +Θ)−1

)
b− (1− ψ)

(
1

2
λ̄′(Γ +Θ)−1λ̄+ ρ̄0

)
+ βψ.

The approximate optimal wealth and optimal control based on the solution
of the linear approximate PDE (4.3) are denoted by W̃ ∗ and (c̃∗, ς̃∗), respec-
tively. The following proposition generalizes Proposition 1 by Kikuchi and
Kusuda [21] in the HREZ utility case.

Proposition 1 Under Assumptions 1 and 2, the approximate optimal wealth
and optimal control for problem (2.29) satisfy Eqs. (4.10)–(4.12).

W̃ ∗
t =W0 exp

(∫ t

0

(
r̄(Xs) + (ς̃∗s )

′λ̄(Xs)−
βψ

G̃(τ∗, Xt)
− 1

2
|ς̃∗s |2

)
ds+

∫ t

0

(ς̃∗s )
′ dBs

)
,

(4.10)

c̃∗t = βψ
W̃ ∗
t

G̃(τ∗, Xt)
, (4.11)

ς̃∗t = (Γ +Θ)−1
(
λ̄+ Λ̄Xt

)
+
(
IN − (Γ +Θ)−1

)( 1

1− ψ

(
b̃(τ,Xt) + B̃(τ,Xt)Xt

))
,

(4.12)
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where (B̃, b̃) is given by Eq. (4.8), and (B, b, b0) is a solution of the system of
ODEs:

dB

dτ
= m2(B) +

1

1− ψ
B̃(τ, 0)′

(
Ψ − (Γ +Θ)−1

)
B(τ),

db

dτ
= m1(B, b)

+
1

2(1− ψ)

{
B̃(τ, 0)′

(
Ψ − (Γ +Θ)−1

)
b(τ) +B(τ)′

(
Ψ − (Γ +Θ)−1

)
b̃(τ, 0)

}
,

db0
dτ

= m0(B, b) +
1

2(1− ψ)
b̃(τ, 0)′

(
Ψ − (Γ +Θ)−1

)
b(τ),

(4.13)

with (B, b, b0)(0) = (ON , 0N , 0).

Proof See Appendix B.2.

It follows from Eqs. (2.28) and (4.12) that the approximate optimal robust
portfolio Φ̃∗

t is given by

Φ̃∗
t = Σ(Xt)

′−1(Γ +Θ)−1
(
λ+ ΛXt

)
+Σ(Xt)

′−1
(
IN − (Γ +Θ)−1

)( 1

1− ψ

(
ã(τ∗, Xt) + Ã(τ∗, Xt)Xt

))
+Σ(Xt)

′−1
(
IN − (Γ +Θ)−1

)(
σp +ΣpXt

)
. (4.14)

5 Simple Numerical Analysis

This section quantitatively analyzes the relationship between relative ambigu-
ity aversion matrices and optimal robust asset allocations.

5.1 Mean Relative Ambiguity Aversion Matrix

We introduce the notion of mean relative ambiguity aversion. Let Θ denote a
relative ambiguity aversion matrix. As Θ is assumed to be positive definite,
there exists an orthogonal matrix U and a diagonal matrix D such that Θ =
UDU ′, where D = diag(θ1, · · · , θN ). We define the mean relative ambiguity

aversion of Θ by θ̄ =
1

N

N∑
n=1

θn.

5.2 Basic Setup

We assume the two-factor QSM model as a simple QSM model. We consider
an investor who plans to invest in the S&P 500 and 10-year TIPS in addition
to the money market account over 35 years. We assume GHREZ utility with
(β, γ, ψ) = (0.01, 2.5, 0.5) following Kikuchi and Kusuda [21]. We compare
the optimal asset allocations of GHREZ utility investors with the same mean
relative risk aversion θ̄ = 1.5.
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5.3 Interpretation of State Processes and Brownian Motions

For the parameters in the two-factor QSM model, we employ the results es-
timated by Kikuchi and Kusuda [21] (Appendix C has the details). From
Eq. (C.1), the estimated state vector process is subject to the following SDE:

dX1t = −0.01318X1t dt+ dB1t, (5.1)

dX2t = −0.01117
(
X2t − 1.315X1t

)
dt+ dB2t. (5.2)

Eqs. (5.1) and (5.2) indicate thatX1t is a relatively short-period mean-reverting
state process with a mean of 0 and X2t is a relatively long-period mean-
reverting state process with a short-term mean of 1.315X1t and a long-term
mean of 0. As X1 and X2 are driven by the uncertainty sources B1 and B2, re-
spectively, B1 and B2 represent a relatively short- and long-period uncertainty,
respectively. In general, it is unclear whether investors are more ambiguity
averse toward short- or long-period uncertainty.

5.4 Two Types of Relative Ambiguity Aversion Matries

We consider two types of relative ambiguity aversion matrices.

5.4.1 GHREZ Utilities with Diagonal Relative Ambiguity Aversion Matrices

First, we compare the approximate optimal asset allocations of GHREZ utili-
ties with the following diagonal relative ambiguity aversion matrices.

Θ(k) =

(
θ1 0
0 θ2

)
=

(
1.5 0
0 1.5

)
+ k

(
0.125 0
0 −0.125

)
, (5.3)

where k = −11,−10, · · · , 11. Note that in the case of k = 0, GHREZ utility
reduces to HREZ utility. Assume θ1 < θ2 or equivalently k < 0. Then, as
shown in Remark 2, investors are more ambiguity averse in the direction B2

(long-period uncertainty) than in B1 (short-period uncertainty).

5.4.2 GHREZ Utilities with Non-diagonal Relative Ambiguity Aversion
Matrices

Second, we compare the approximate optimal asset allocations of GHREZ
utilities with the following non-diagonal relative ambiguity aversion matrices.

Θ(ρ̃) = 1.5

(
1 ρ̃
ρ̃ 1

)
, (5.4)

where ρ̃ = −0.9,−0.8, · · · , 0.9. We easily confirm that the mean relative ambi-
guity aversion of Θ(ρ̃) is 1.5 for any ρ̃. Note that when ρ̃ = 0.0, GHREZ utility
reduces to HREZ utility.
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5.5 Relative Ambiguity Aversion Matrix and Optimal Asset Allocation

We analyze the relationship between relative ambiguity aversion matrices and
optimal asset allocations. Given that E[ lim

t→∞
Xt] = 0N , we set Xt = 0N . Then,

the relationship between the relative ambiguity aversion matrices and approx-
imate optimal allocations to the S&P 500 and 10-year TIPS is illustrated in
Fig. 1.
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Fig. 1 Approximate optimal allocations (%) plotted against the diagonal (left) and nondi-
agonal (right) relative ambiguity aversion matrices.

As deviations from the case of equal relative ambiguity aversions for all
risks (i.e., HREZ utility) increase, deviations from the approximate optimal
asset allocation under HREZ utility also increase, and the sensitivity is quite
large. The findings suggest that when specifying the GHREZ utility, focusing
solely on mean relative ambiguity aversion is insufficient; it is necessary to
discern the overall structure of the relative ambiguity aversion matrix.

5.6 Factor Decompositions

The approximate optimal portfolio is decomposed into the sum of myopic,
intertemporal hedging, and inflation–deflatiion hedging demands, as shown in
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Eq. (4.14). First, the factor decomposition of the relationship between relative
ambiguity aversion matrices and approximate optimal asset allocations to the
10-year TIPS yields the results in Fig. 2.
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Fig. 2 Factor decomposition of approximate optimal allocations (%) to the 10-year TIPS
plotted against the diagonal (left) and nondiagonal (right) relative ambiguity aversion ma-
trices.

Changes in the optimal asset allocation to the 10-year TIPS are driven
solely by shifts in myopic demand under both diagonal and nondiagonal rela-
tive ambiguity aversion matrices. Next, the factor decomposition of the rela-
tionship between relative ambiguity aversion matrices and approximate opti-
mal asset allocations to the S&P 500 is illustrated in Fig. 3.
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Fig. 3 Factor decomposition of approximate optimal allocations (%) to the S&P 500 plotted
against the diagonal (left) and nondiagonal (right) relative ambiguity aversion matrices.

Changes in the optimal asset allocation to the S&P 500 are driven solely by
shifts in myopic demand under diagonal relative ambiguity aversion matrices.
By contrast, under nondiagonal relative ambiguity aversion matrices, all types
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of demand contribute to these changes. Kikuchi and Kusuda [20], [21] have
emphasized the importance of accurately measuring intertemporal hedging
and inflation–deflation hedging demands in strategic asset allocation. These
results suggest that these factors are also crucial in specifying the relative
ambiguity aversion matrix of GHREZ utility.

6 Future Research

Batbold et al. [3] assume a quadratic international security market (QISM)
model and derive a semi-analytical solution to the finite-time consumption–
investment problem under CRRA utility. Their QISM model is a generalization
of the quadratic international bond market model proposed by Leippold and
Wu [27]. Batbold et al. [3] assume CRRA utility and derive a semi-analytical
solution. Their QISM model has two issues. Firstly, the state vector is com-
posed of two components: a global state vector and a currency-specific state
vector. The concept of a currency-specific state is unduly restrictive in com-
parison to that of a global state. Secondly, exchange rates cannot be expressed
as functions of the state vector. Consequently, this results in estimation ineffi-
ciencies, such as the necessity of employing unstable changes from the previous
period instead of stable levels of the exchange rate as the observation variable
in Kalman filter-based estimation. It should be noted that such structural is-
sues in their QISM model are also present in the quadratic international bond
market model of Leippold and Wu [27].

The authors are currently engaged in the development of a novel QISM
model. The following research project is planned for the future: The objectives
of this project are twofold: first, to derive a linear approximate optimal solu-
tion for the consumption–investment problem of investors with GHREZ utility
under the novel QISM model; and second, to verify whether the approximate
optimal asset allocation contributes to solving the equity home bias puzzle.

A The Parameters of Return Rates of Securities

(Σ(τ), σ(τ)) in Eq. (2.16) is a solution to the system of the following ODEs:

dΣ(τ)

dτ
= Σ(τ)2 − (K+ Λ)′Σ(τ)−Σ(τ)(K+ Λ)−R (A.1)

dσ(τ)

dτ
= −(K+ Λ−Σ(τ))′σ(τ)− (Σ(τ)λ+ ρ), (A.2)

with (Σ, σ)(0) = (ON , 0N ).
(Σ(τ), σ(τ)) in Eq. (2.17) is a solution to the system of the following ODEs:

dΣ̄q(τ)

dτ
= Σ̄q(τ)

2 − (K+ Λ̄)′Σ̄q(τ)− Σ̄q(τ)(K+ Λ̄)− R̄, (A.3)

dσ̄q(τ)

dτ
= −(K+ Λ̄− Σ̄q(τ))

′σ̄q(τ)− (Σ̄q(τ)λ̄+ ρ̄), (A.4)

with (Σ̄q , σ̄q)(0) = ON , 0N ).
In Eq. (2.18), Σk is a solution to Eq. (A.5) and σk is given by Eq. (A.6), respectively.

0 = Σ2
k − (K+ Λ)′Σk −Σj(K+ Λ) +∆k −R, (A.5)

σk = (K+ Λ−Σk)
′−1(δk − ρ−Σkλ), (A.6)
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B Proofs

B.1 Proof of Lemma 1

As the standard Brownian motion under Pξ is given by Bξt = Bt −
∫ t

0
ξs ds, the SDE for

Xt under Pξ is rewritten as

dXt =

((
W̄t
(
r̄(Xt) + ς̄′λ̄(Xt)

)
− ct

−KXt

)
+

(
W̄t ς̄′t
IN

)
ξt

)
dt+

(
W̄t ς̄′t
IN

)
dBξt . (B.1)

Let J = J(t,x) denote the indirect utility function. Given that X is a Markov process,
our optimal investment problem is formulated as a Markov decision problem. Thus, there
are measurable functions ĉ(Xt), ς̂(Xt), and ξ̂(Xt) such that ct = ĉ(Xt), ς̄t = ς̂(Xt), and

ξt = ξ̂(Xt) for every t ∈ [0, T ∗). The Hamilton-Jacobi-Bellman (HJB) equation for problem
(2.29) is expressed as

sup
(ĉ(x),ς̂(x))∈R+×RN

inf
ξ̂(x)∈RN

{
Jt +

(
w
(
r̄(x) + ς̂(x)′λ̄(x)

)
− ĉ(x)

−Kx

)′ (
Jw
Jx

)

+
1

2
tr

[(
wς̂(x)′

IN

)(
wς̂(x)′

IN

)′ (
Jww Jwx
Jxw Jxx

)]
+ f(ĉ(x), J) +

(1− γ)J

2
ξ̂(x)′Θ−1ξ̂(x) + ξ̂(x)′

(
wς̂(x)′

IN

)′ (
Jw
Jw

)}
= 0, (B.2)

with J(T ∗,x) = 0. Then, the worst-case probability ξ̂∗ is given by

ξ̂∗(x) = −
1

(1− γ)J
Θ

(
wς̂(x)′

IN

)′ (
Jw
Jx

)
. (B.3)

Variables on controls are omitted, hereafter. Substituting ξ̂∗ into the HJB equation (B.2)
yields

sup
(ĉ,ς̂)∈R+×RN

[
Jt +

(
w
(
r̄(x) + ς̂′λ̄(x)

)
− ĉ

−Kx

)′ (
Jw
Jx

)
+

1

2
tr

[(
wς̂′

IN

)(
wς̂′

IN

)′ (
Jww Jwx
Jxw Jxx

)]

+ f(ĉ, J)−
1

2(1− γ)J

(
Jw
Jx

)′ (
wς̂′

IN

)
Θ

(
wς̂′

IN

)′ (
Jw
Jx

)]
= 0. (B.4)

It is straightforward to see that optimal control (ĉ∗, ς̂∗) in the HJB equation (B.4) satisfies

ĉ∗ = βψJ−ψ
w

(
(1− γ)J

) γψ−1
γ−1 , (B.5)

ς̂∗ = Tt
(
λ̄(x) +

Jxw

Jw
+

Θ

γ − 1

Jx

J

)
, (B.6)

where Tt is given by

Tt =
(
−
wJww

Jw
IN +

wJw

(1− γ)J
Θ

)−1

. (B.7)

The consumption-related terms in the HJB equation (B.4) are computed as

−ĉ∗Jw + f(ĉ∗, J) = ĉ∗
(
−Jw +

1

1− ψ−1
Jw

)
−
β(1− γ)

1− ψ−1
J =

1

ψ − 1
ĉ∗Jw −

β(1− γ)

1− ψ−1
J.

(B.8)
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The investment-related terms in the HJB equation (B.4) are computed as

wJwλ̄
′
t ς̂

∗ +
1

2
tr

[(
w(ς̂∗)′

IN

)(
w(ς̂∗)′

IN

)′ (
Jww Jwx
Jxw Jxx

)]
−

1

2(1− γ)J

(
Jw
Jx

)′ (
W̄t(ς̂∗)′

IN

)
Θ

(
w(ς̂∗)′

IN

)′ (
Jw
Jx

)
=

1

2
tr [Jxx]−

1

2(1− γ)J
J ′
xΘJx − ζ′t

(
w2JwwIN −

(wJw)2

(1− γ)J
Θ

)−1

ζt, (B.9)

where

ζt = −wJw
(
λ̄(x) +

Jxw

Jw
+

Θ

γ − 1

Jx

J

)
. (B.10)

By substituting optimal control (B.5) and (B.6) into the HJB equation (B.4) and using
Eqs. (B.8) and (B.9), the following PDE for J is obtained:

Jt +
1

2
tr [Jxx]−

1

2(1− γ)J
J ′
xΘJx −

1

2
ζ′t

(
w2JwwIN −

(wJw)2

(1− γ)J
Θ

)−1

ζt

+ r̄(x)wJw − (Kx)′Jx +
1

ψ − 1
ĉ∗Jw −

β(1− γ)

1− ψ−1
J = 0. (B.11)

From the above PDE, we conjecture that the indirect utility function takes the form in (3.1).

J(t, x) =
w1−γ

1− γ

(
G(τ∗, x)

) 1−γ
ψ−1 .

Derivatives of J are given by

Jt = −
1− γ

ψ − 1
J
Gτ

G
, wJw = (1− γ)J, Jx =

1− γ

ψ − 1
J
Gx

G
, w2Jww = −γ(1− γ)J,

wJxw =
(1− γ)2

ψ − 1
J
Gx

G
, Jxx =

1− γ

ψ − 1
J

(
2− γ − ψ

ψ − 1

Gx

G

G′
x

G
+
Gxx

G

)
.

The optimal consumption control (3.3) follows from (B.5):

ĉ∗ = βψ
(
(1− γ)J

w

)−ψ (
(1− γ)J

) γψ−1
γ−1 = βψwψ

(
w1−γG

1−γ
ψ−1

)ψ−1
γ−1

= βψ
w

G
. (B.12)

Tt in Eq. (B.7) and ζt in Eq. (B.10) are expressed as

Tt = (Γ +Θ)−1, (B.13)

ζt = (γ − 1)J

(
λ̄(x) +

1

1− ψ
(Γ +Θ − IN )

Gx

G

)
. (B.14)
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Therefore, by inserting Eq. (B.14) and the derivatives of J into Eq. (B.6), we obtain Eq. (3.4).
The second to fourth terms in the PDE (B.11) are calculated from Eqs. (B.14) as follows:

1

2
tr [Jxx]−

1

2(1− γ)J
J ′
xΘJx −

1

2
ζ′t

(
w2JwwIN −

(wJw)2

(1− γ)J
Θ

)−1

ζt

=J

{
1− γ

2(ψ − 1)
tr

[
2− γ − ψ

ψ − 1

Gx

G

G′
x

G
+
Gxx

G

]
−

1− γ

2(ψ − 1)2
G′
x

G
Θ
Gx

G

+
1− γ

2(ψ − 1)2

(
(ψ − 1)λ̄(x)− (Γ +Θ − IN )

Gx

G

)′
(Γ +Θ)−1

(
(ψ − 1)λ̄(x)− (Γ +Θ − IN )

Gx

G

)}
=

1− γ

ψ − 1
J

{
1

2
tr

[
2− γ − ψ

ψ − 1

Gx

G

G′
x

G
+
Gxx

G

]
−

1

2(ψ − 1)

G′
x

G
Θ
Gx

G

+
1

2(ψ − 1)

(
(ψ − 1)λ̄(x)− (Γ +Θ − IN )

Gx

G

)′
(Γ +Θ)−1

(
(ψ − 1)λ̄(x)− (Γ +Θ − IN )

Gx

G

)}
=

1− γ

ψ − 1
J

{
1

2
tr

[
Gxx

G

]
+
ψ − 1

2
λ̄′t(Γ +Θ)−1λ̄(x)− λ̄(x)′

(
IN − (Γ +Θ)−1

)Gx
G

−
1

2(ψ − 1)

G′
x

G

(
(γ + ψ − 2)IN +Θ −

(
IN − (Γ +Θ)−1

)
(Γ +Θ − IN )

)GX
G

}
=

1− γ

ψ − 1
J

{
1

2
tr

[
Gxx

G

]
+
ψ − 1

2
λ̄(x)′(Γ +Θ)−1λ̄(x)− λ̄′t

(
IN − (Γ +Θ)−1

)Gx
G

−
1

2(ψ − 1)

G′
x

G

(
Ψ − (Γ +Θ)−1

)GX
G

}
(B.15)

The first, fifth, and sixth terms in the PDE (B.11) are computed as follows:

Jt + r̄(x)wJw − (Kx)′Jx =
1− γ

ψ − 1
J

(
−
Gτ

G
+ (ψ − 1)r̄(x)− (Kx)′

Gx

G

)
. (B.16)

The seventh and eight terms in the PDE (B.11) are calculated from Eq. (B.12) as follows:

1

ψ − 1
ĉ∗Jw −

β(1− γ)

1− ψ−1
J =

1

ψ − 1

(
βψ

w

G

(1− γ)J

w
+ β(γ − 1)ψJ

)
=

1− γ

ψ − 1
J

(
βψ

G
− βψ

)
.

(B.17)

Substituting Eqs. (B.15)-(B.17) into Eq. (B.11) and dividing by
1− γ

ψ − 1
J yields the PDE

(3.5).

B.2 Proof of Proposition 1

Substituting Eqs. (4.7) and Gx =
(
b∗(τ, 0) + B∗(τ, 0)Xt

)
G into Eqs. (3.3) and (3.4) yield

the approximate optimal consumption (4.11) and investment (4.12). Substituting g̃ and its
derivatives into the PDE (4.5), we obtain

db0

dτ
+X′ db

dτ
+

1

2
X′ dB

dτ
X

=m(Xt; (B, b))−
1

2(ψ − 1)

(
b̃(τ, 0) + B̃(τ, 0)Xt

)′(
Ψ − (Γ +Θ)−1

)(
b(τ) +B(τ)Xt

))
=m(Xt; (B, b))−

1

2(ψ − 1)

{
b̃(τ, 0)′

(
Ψ − (Γ +Θ)−1

)
b(τ)

+X′
t

(
B̃(τ, 0)′b(τ) +B(τ)′

(
Ψ − (Γ +Θ)−1

)
b̃(τ, 0)

)
+X′

tB̃(τ, 0)′
(
Ψ − (Γ +Θ)−1

)
B(τ)Xt

}
,

(B.18)
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where m(Xt; (B, b)) is given by

m(Xt; (B, b)) =
1

2
tr[B] +

1

2

(
|b|2 + 2X′

tBb+X′
tB

2Xt
)

−
{(
IN − (Γ +Θ)−1

)
λ̄+

(
K+

(
IN − (Γ +Θ)−1

)
Λ̄
)
Xt
}′
b−

(
IN − (Γ +Θ)−1

)
λ̄′BXt

−
1

2
X′
t

(
K+

(
IN − (Γ +Θ)−1

)
Λ̄
)′
BXt −

1

2
X′
tB
(
K+

(
IN − (Γ +Θ)−1

)
Λ̄
)
Xt

+
ψ − 1

2

(
λ̄′(Γ +Θ)−1λ̄+ 2λ̄′(Γ +Θ)−1Λ̄Xt +X′

tΛ̄
′(Γ +Θ)−1Λ̄Xt

)
+ (ψ − 1)

(
ρ̄0 + ρ̄′Xt +

1

2
X′
tR̄Xt

)
− βψ. (B.19)

As Eq. (B.18) is identical on X, we get the system of ODEs (4.13).

C Esimated Parameters in the QSM Model

Kikuchi and Kusuda [21] estimate the two-factor QSM model based on the extended Kalman
filter on 318 month-end data observed in the US security markets from January 1999 to June
2025. The time-series data used for estimation are 6-month and 2-year treasury spot rates8,
10-year TIPS real spot rates9, and S&P 50010. To reduce the estimation burden, they assume
the second-order term of the instantaneous expected inflation rate to be zero, that is, I = 0.
Their estimation results are as follows:

dXt = −
(

0.01318 0
−0.01469 0.01117

)
Xtdt+ I2dBt, λt =

(
0.001275
0.7160

)
+

(
0.01159 0
0.008200 0.00001890

)
Xt,

rt = 0.2969 +

(
−0.03305
0.01727

)′
Xt +

1

2
X′
t

(
0.001889 −0.0008790

−0.0008790 0.0006379

)
Xt,

µpt = 0.0006826 +

(
0.007234

−0.00007430

)′
Xt, σpt =

(
0.03077
0.05553

)
+

(
0.02063 0

0 0.002814

)
Xt,

Dt

St
= 0.03151 +

(
−0.001017
0.001444

)′
Xt +

1

2
X′
t

(
0.0001076 0.00001323
0.00001323 0.00004773

)
Xt.

(C.1)
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