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Abstract This study assumes homothetic robust Epstein-Zin (HREZ) util-
ity and proves that HREZ utility is homothetic stochastic differential utility
under certain integrability conditions. The observational indistinguishability
among HREZ utilities, ambiguity aversion, risk aversion, and preferences for
information are analyzed. Furthermore, by leveraging the convexity or concav-
ity of the normalized aggregator in lieu of the uniform Lipschitz condition, it
is proven that HREZ utility is increasing, time consistent, and homothetic.
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1 Introduction

The global financial crisis reaffirmed the significance of utility, which accounts
for Knightian uncertainty. Agents with robust utility, as proposed by Ander-
son, Hansen, and Sargent [1] and Hansen and Sargent [8], consider the “base
probability” to be the most likely probability, while also accounting for other
probabilities because the true probability is unknown. Since robust utility lacks
homotheticity, Maenhout [14] proposes homothetic robust (HR) utility, which
is characterized by a subjective discount rate, relative risk aversion, and rela-
tive ambiguity aversion. HR utility is used in robust portfolio studies, including
Skiadas [18], Maenhout [15], Liu [13], Branger, Larsen, and Munk [2], Munk

This paper is an independent and substantially developed version of a study (homoth-
etic robust Epstein-Zin utility) from our previously published working paper (Kikuchi and
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and Rubtsov [16], Yi, Viens, Law, and Li [19], and Kikuchi and Kusuda [9].
HR utility can be interpreted as homothetic robust CRRA utility, because
it converges to CRRA utility as ambiguity aversion approaches zero. CRRA
utility does not separate the relative risk aversion from the elasticity of in-
tertemporal substitution (EIS). Epstein-Zin (EZ) utility (Epstein and Zin [7])
generalizes CRRA utility by separating these properties while retaining ho-
motheticity. Maenhout [14] introduces homothetic robust Epstein-Zin (HREZ)
utility to derive a capital asset pricing model. HREZ utility is characterized by
the subjective discount rate, EIS, relative risk aversion, and relative ambigu-
ity aversion. However, Maenhout [14] does not show the properties of HREZ
utility.

Skiadas [18] demonstrates that both HR utility and HREZ utility are
stochastic differential utilities (SDUs), as proposed by Duflie and Epstein [4].
However, the proof by Skiadas [18] contains errors in the calculation process,
as discussed in Section 2. I address the inaccuracies and demonstrate that both
HR and HREZ utilities are SDUs. Duffie and Epstein [4] show properties of
SDU, including risk aversion, monotonicity for consumption, time consistency,
and homotheticity, under the assumption that the felicity function (i.e., the
normalized aggregator) satisfies the uniform Lipschitz condition. However, the
felicity function of HREZ utility does not meet this condition.

The concepts of ambiguity aversion and comparative ambiguity aversion
of utility, which recognizes Knightian uncertainty, are defined by Chen and
Epstein [3], who also redefine the concepts of risk aversion and comparative
risk aversion under Knightian uncertainty. Skiadas [17] introduces the concept
of agents’ preferences for information, that is, the concept of whether or not
they seek it. However, this concept assumes a unique subjective probability
for each agent, making it directly inapplicable to HREZ utility, where agents
consider multiple candidate probabilities beyond the base probability. The
purpose of this study is to elucidate the properties of HREZ utility, and the
main results are summarized as follows.

First, I prove that HREZ utility is SDU under certain integrability con-
ditions by correcting the errors in Skiadas [18]. The class of HREZ utlities
satisfying the above condition includes HR, EZ, and CRRA utilities as special
cases. Under these conditions, I derive the normalized representation of HREZ
utility and show that the felicity function is chracterized by the subjective dis-
count rate, EIS, and relative uncertainty aversion which is the sum of relative
risk aversion and ambiguity aversion.

Second, I show that HREZ utility is observationally indistinguishable not
only from EZ utility but also among HREZ utilities with the same relative
uncertainty aversion. This follows naturally, as the felicity function of HREZ
utility is characterized by the subjective discount rate, EIS, and relative uncer-
tainty aversion. I also explain the robustness effect of HREZ utility following
Maenhout [14].

1 Kikuchi and Kusuda [10] generalize HR utility so that relative ambiguity aversion de-
pends on age; however, the utility functional is no longer homothetic.
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Third, I analyze the ambiguity and risk aversions of HREZ utility using
the definitions by Chen and Epstein [3]. I prove the following: (i) if two HREZ
utilities share the same subjective discount rate, relative risk aversion, and
EIS, then the one with greater relative ambiguity aversion is more ambiguity
averse; (ii) if two HREZ utilities share the same subjective discount rate and
EIS, then the one with greater relative risk aversion is more risk averse; (iii)
HREZ utility is both ambiguity averse and risk averse.

Fourth, I examine preferences for information in HREZ utility based on Ski-
adas [17]. Since the Skiadas [17)’ framework cannot directly apply to HREZ
utility, I analyze the preferences in two related utilities: (i) the EZ utility obser-
vationally indistinguishable from HREZ utility; and (ii) the restricted HREZ
utility, where its domain is restricted to unambiguous consumption plans. I
show that the observationally indistinguishable EZ utility is information seek-
ing (resp., averse) if the relative uncertainty aversion is greater (resp., less)
than the inverse of EIS, and that the restricted HREZ utility is information
seeking (resp., averse) if relative risk aversion is greater (resp., less) than the
inverse of EIS.

Fifth, by extending the proof by Duffie and Epstein [4] to cases where the
uniform Lipschitz condition does not hold, I demonstrate that HREZ utility is
strictly increasing, time consistent, and homothetic. Here, convexity or cocav-
ity in the utility argument of the felicity function substitutes for the uniform
Lipschitz condition.

The remainder of this paper is organized as follows: Section 2 introduces
HREZ utility and proves that it is SDU. Section 3 explains the observational
indistinguishability and robustness effect of HREZ utility. Section 4 analyzes
the ambiguity and risk aversions and preference for information of HREZ util-
ity. Section 5 presents other properties of HREZ utility. Section 6 concludes
the paper.

2 HREZ Utility and SDU

I introduce HREZ utility and demonstrate that, if relative risk aversion is
greater than or equal to EIS, then HREZ utility is interpreted as SDU under
certain integrability conditions. Then, I derive the normalized representation
of HREZ utility.

2.1 Environment

I consider frictionless markets over the period [0, T]. Investors’ base probabil-
ity and information structure are modeled by a complete filtered probability
space (§2,F,F,P), where F = (F})¢cjo,r] is the natural filtration generated
by an N-dimensional standard Brownian motion B;. There is a market for
a consumption commodity at every date ¢ € [0,T]. I denote the expectation
operator under P by E and the conditional expectation operator given JF;
by E;. Let A’ and I denote the transpose of A and N x N identity matrix,
respectively.
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2.2 HREZ Utility

I begin with the continuous-time version (Duffie and Epstein [4]) of Epstein-
Zin utility.

T
V, =E, / f(es, Vs)ds (2.1)
t
where f denotes the normalized aggregator of the form
v -2t Bl —y)v
f(C,U):ﬁl_iw_l((l—’Y)U) e T (2.2)

where 8 > 0 is the subjective discount rate, y is the relative risk aversion, and
1 is the EIS. In this study, the normalized aggregator is also referred to as the
felicity function.

The theoretical range of (v, ¢) is (v,¢) € (0,1) x (1,00) U (1,00) x (0,1).
Note that if (y,¢) € (0,1) x (1,00) then V > 0, and if (v, 1) € (1,00) x (0,1)
then V < 0. Many empirical analyses indicate that v > 1 and 1 > ¥ > 0.
Therefore, I assume that v > 1 > 1 > 0.

Remark 1 EZ utility is SDU, and Duffie and Epstein [4] show the proper-
ties of SDU satisfying the following uniform Lipschitz condition in its utility
argument:

|fle,v) = f(e,0)] < klv—1|, Ve,v,0. (2.3)
However, EZ utility does not satisfy the uniform Lipschitz condition. This
study examines the properties of HREZ utility without assuming the uniform
Lipschitz condition. I show that EZ utility is a special case of HREZ utility,
and that most of the obtained properties of HREZ utility are also those of EZ
utility.

Remark 2 Tt is clear that if p~! = v, then the normalized aggregator is sim-

plified as
1—y

S Bo (2.4)

c

f(cv v) = 61 —
and EZ utility is reduced to CRRA utility.

Whereas an agent with robust utility regards probability P which is called
“base probability” as the most likely probability, they also consider other prob-
abilities because the true probability is unknown. Thus, the agent assumes
set P of all equivalent probability measures? as the alternative probabilities.
According to Girsanov’s theorem, any equivalent probability measure is char-
acterized by a measurable process ({;).e[0,7) With Novikov’s integrability con-
dition as the following Radon-Nikodym derivative:

13 T T
ET[C;P;] = exp(/o & dBy — %/0 |§t|2dt> VT € (0, 00). (2.5)

2 A probability measure P is said to be an equivalent probability measure of P if and only
if P(A)=0< P(A) =0.
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Therefore, the agent chooses the worst-case probability that minimizes the
utility among P for each consumption plan. The agent rationally determines
the worst-case probability by considering deviations from P.

Let C denote the set of adapted consumption processes (ct).eo,] satisfying
certain requisite integrability condition.

Definition 1 HREZ utility is defined by

T . 3
/ <f<ct7vf>+“2g)”|§ﬂ> dt]’ (26)

where ¢ € C,Ef is the expectation under P¢, § > 0 is relative ambiguity
aversion, and Vf is the utility process, defined recursively as follows:

T — 3
| (revo+ e ) as

Ve = Ef Vi

0. (2.7)

2.3 SDU Representations of HR Utility and HREZ Utility
2.8.1 SDU Representation of HR Utility

First, I prove that HR utility is SDU under certain integrability condition.
Assume HR utility; that is, ¥ = ¢»~!. Then, Eq. (2.7) is rewritten as

T 1— _ ¢
VE =B l | (5= - ve+ B ) ds] NCES

Suppose that a progressively measurable pair (V*,0*) satisfies the following
stochastic differential equation (SDE):

Cy

1—v 0
vyt = — <5 - BV - wffﬂz) dt+(oy)'dBy, Vi =0. (2.9)
t

1—7

By Girsanov theorem, standard Brownian motion under P¢ is expressed as

t
BS =B, — / &5 ds. Thus, Eq. (2.8) is rewritten as
0

1=y
® Ct o * 0 *12 *\/ *\/ 13
dvi = (51 —y BV; 201 — )V oz | (o) §t> dt + (o;)'dBy,

(2.10)
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with V; = 0. From Egs. (2.8) and (2.10), the following equation is derived:?

T
Ve = V7 4ES [ / e (h(o?, VE=h(ol, Vi) +Q(Es o, vf))ds] (2.12)

t

where
hoyv) = —=——Jo}? (2.13)
T A '
(1—~)VE 0 ?
ot V= s e T >, 2.14
AotV = S e+ e (2.14)

Then, h is concave in its utility argument because the second derivative of h
with respect to v is negative, as shown below:

oo (0,0) = — = lo]? < 0. (2.15)

(1-7)

Thus, Vf — V¥ is evaluated from below as in the following inequality.

T
VE- 2| [T o v - vas) (210
t
Under certain integrability condition on h,, the “stochastic Gronwall-Bellman
(SGB) inequality” implies V,* > V;* P-a.s. for all t € [0,T]. The “worst-case
probability” is then characterized by
0

& =g (27)

and V& = V*. Therefore, HR utility satisfying the above conditions is SDU
of the unnormalized form (2.9).

2.3.2 SDU Representation of HREZ Utility

Next, I prove that HREZ utility is SDU under certain integrability conditions.

1—
Assume v # ¢, Let g* = m Then, Eq. (2.7) is rewritten as
T
(s 1—~)VE
Ve =E$ / e~ P (s=1) (f*(cs, VE) + (2g)5|§s|2) ds] , (2.18)
t
3 Skiadas [18] prsents the following equation:
VE=Vr+ MES {/T L : ds} (2.11)
o 20 U B L '

In the equation above, h(cs, V&) — h(os, V) in Eq. (2.12) is missing and V& in Eq. (2.12)
is replaced with Vf.
4 See Appendix B in Duffie and Epstein [4].
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where
1—izw !t

p R (R o R (2.19)

1—¢1°

Suppose that a progressively measurable pair (V*, o*) satisfies

f*(qv) =

* * * XYk 9
avy == (57 = V7 - 5

* |2 */B *: .
o) dik (i, Vi =0

(2.20)
Then, the following equation holds:®

T
VE= V7 E [ / I (e VE) = [ (00, V1)
t
R V) < B VD) + Qo V) s (222

where h and @ are given by Eqs. (2.13) and (2.14), respectively. The second
derivative of f* with respect to v is given by

el if -1
- 1{>0, ify>q ' (2.23)

* _ —1y 1—ep 1t =
c,v) = - c 1—v)v
fan(ev) =Bly—y™h) (1=y)v) <0, ity <ol
Hence, Vf — V¥ is evaluted from below as in the following:

T
E; [ / eI (fr(es, V) + (07, VE) (VE = v:)ds], if y > 1,
VeV > :

T
E; [ / eI (fr(es, VE) + hy (07, V) (VE - v:)ds] ify <yt
t

(2.24)
Under certain integrability conditions on f and h,, the SGB inequality im-
plies Vf > V¥ P-a.s. for all t € [0,7]. Then, the worst-case probability is
characterized by Eq. (2.17), and V¢ = V*. Therefore, HREZ utility satisfy-
ing the above conditions is SDU of the unnormalized form (2.20).

Remark 3 In Eq. (2.20), as 6 \, 0, V* converges to EZ utility, and HREZ util-
ity is a generalization of EZ utility. Thus, the class of HREZ utlities satisfying
this assumption includes HR utlity (i.e., v = ¢~1), EZ utility (i.e., § = 0+),
and CRRA utility (i.e., v =9 ~1,0 = 0+) as special cases.

It is posited hereafter that the requisite integrability conditions are satis-
fred — ) )
Skiadas [18] shows the following equation:

T *
Vi = Ve [ / e (f* (ea VE) = £ (e, Vi) + Q(gs,oz,vﬁ)ds}, (2.21)
t

where Q(&s, 0%, V) is given by Eq. (2.14). In the above equation, h(os, ng) — h(os,Vy) in
Eq.(2.22) is missing.
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2.4 Normalized Representation of HREZ Utility

Using an ordinally equivalent utility® (OEU) introduced by Duffie and Ep-
stein [4], I show the normalized form of V*. Let

U=~+0. (2.25)

Define an OEU process V; of V;* by V; = ¢(V;*) where

PV) = T (1= )V) T (226)

Proposition 1 Let U be HREZ utility with (8,v,v,0). Then, U has the fol-
lowing normalized representation:

— T — — N
7, = / (Flew V) — 3. )ds| (2.27)
t
or equivalently, T
Vi =E, / e PED f(e,, Vy)ds| (2.28)
t
5 BA-U)
where § = m and
= = Cl_lzﬁ1 1_1zw !
fles, Vs) = 51_777[}_1((1 —Up) T (2.29)

The felicity function f is strictly increasing and concave in its consumption
argument. In its utility argument, f is convex (resp., concave) if v+ 60 >~}
(resp., v+ 0 < ~t), and linear if v+ 60 = L.

Proof See Appendix A.1.

Kikuchi and Kusuda [9] refers to the coefficient & = v + 0 as the relative
uncertainty aversion. Note that relative risk aversion in the normalized aggre-
gator of EZ utility in Eq. (2.2) is replaced by relative uncertainty aversion in
that of HREZ utility in Eq. (2.29).

3 Observational Indistinguishability, Robustness Effects, and
Identification Method

I explain the observational indistinguishability and robustness effects of HREZ
utility and introduce an identification method proposed by Kikuchi and Kusuda [12].

6 Two utility functionals U and U are ordinally equivalent if there is a strictly increasing
and twice continuously differentiable function ¢ with ¢(0) = 0 such that U = p o U.
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3.1 HR Utility and EZ Utility

First, I analyze the observational indistinguishability and robustness effects of
HR utility. To consider HR utility with (3,~,6), I substitute Y=t = « into
Eq. (2.29), and obtain the normalized aggregator f of HR utility:

=

f(cﬂv)zﬁl_,y

1—v
((1 — (v + 9))0) o % (1= (v+0)v. (3.1)
I compare the above HR utility with the EZ utility, such that (8,%,v) satis-
fies ¢ = v~ and 4 = v + 6. Then, from Eq. (2.2), the normalized aggregator
of EZ utility agrees with that in Eq. (3.1). Thus, these utilities are obser-
vationally indistinguishable. Maenhout [14] suggests that these utilities are
observationally indistinguishable by showing that optimal portfolios based on
these utilities coincide under one particular model: that is, the Black-Scholes
model. Maenhout [14] also explains that although HREZ utility with (8,~,0)
is observationally indistinguishable from EZ utility with (53,4, ), HREZ util-
ity has robustness effects that EZ utility does not have, as follows: Given that
nonrobust agents have CRRA utility with (53,%), they are equally willing to
substitute over time as across states, because ¥ is the inverse of the EIS. Ro-
bustness makes the agent less willing to substitute across states as the relative
risk aversion becomes 4+ 60 > 4, without altering the willingness to substitute

intertemporally, as the EIS remains 4~ 1.

3.2 HREZ Utility and EZ Utility

Next, I analyze the observational indistinguishability and robustness effects of
HREZ utility. Egs. (2.2) and (2.29) show that the HREZ utility with (3, ~, ¥, 0)
is observationally indistinguishable from the EZ utility with (8,%,v) if 4 =
~v+0. Following Maenhout [14], I nterpret the robustness effects of HREZ utlity
as follows. Suppose that the nonrobust agent has EZ utility with (3,5,).
What robustness does is to make the agent less willing to substitute across
states as the relative uncertainty aversion becomes v+ 6 > ~, without altering
the willingness to substitute intertemporally as the EIS remains ).

3.3 HREZ Utilities with the Common Relative Uncertainty Aversions

HREZ utilities are not only observationally indistinguishable from EZ utilities,
but also observationally indistinguishable among HREZ utilities. Eq. (2.29) in
Proposition 1 shows that the felicity function of HREZ utility with (3, +,8,)
is characterized by (8,U,1) where U = ~ + 6. Thus, HREZ utilities with
common relative uncertainty aversion are observationally indistinguishable.

3.4 Identification Method

To solve this observational indistinguishability problem, Kikuchi and Kusuda [12]
focus on the fact that the worst-case probability characterized by Eq. (2.17)
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depends on relative ambiguity aversion. They assume a quadratic security
market model where state X; is a stationary process. Let R(X;) denote the
instantaneous return on the S&P500 at time ¢. Let E* denote the expectation
under worst-case probability. Kikuchi and Kusuda [12] introduce the notion of
the premium v(X;) and worst-case premium D(Xy), defined by

7(Xy) = B¢ [R(Xy)] — (X)), v(Xy) = By [R(X¢)] — r(Xe). (3.2)

They then introduce the notion of the long-term premium v and worst-case
long-term premium v, defined by

v=E, LIEEO D(Xt)] =B [lim p(X,)]. (3.3)
Kikuchi and Kusuda [12] derive analytical expressions for the long-term and
worst-case long-term premiums.

Suppose that an agent has HREZ utility with (3,,6,) and that we ob-
serve their consumption, wealth, and portfolio. We can then recognize (5,U, )
where U = v+ 6. However, we cannot identify v or 8. Furthermore, we cannot
exclude the possibility that # = 0, that is, EZ utility, or v = ¢!, that is, HR
utility. Note that the agent does not recognize their own utility, and therefore
cannot inform us of v or §. Kikuchi and Kusuda [12] show that if they inform
us of their long-term expected rate of return and their worst-case long-term
expected rate of return, then we can calculate v and 6 using the analytical
expressions for the long-term and worst-case long-term premiums.

4 Ambiguity and Risk Aversions and Preferences for Information

T analyze the ambiguity and risk aversions of HREZ utility based on the notions
defined by Chen and Epstein [3]. I then examine preferences for information
using the definition introduced by Skiadas [17].

4.1 Comparative Ambiguity Aversion

Chen and Epstein [3] define the notion of comparative ambiguity aversion as
follows (for formal arguments, see Epstein [5] and Epstein and Zhang [6]):
Event A € Fr is said to be unambiguous if P(A) = P(A) for every P € P. Let
R denote the class of unambiguous events. Let R, = RNF; for every t € [0,T].
The consumption process c is said to be unambiguous if ¢; is R;-measurable
for every t € [0,T]. Let Cr denote the set of all unambiguous consumption
processes. Comparative ambiguity aversion is defined as

Definition 2 Let U and U be HREZ utilities with the corresponding unam-
biguous classes R and R of unambiguous events. U is said to be more ambi-
guity averse than U if R D R and if for every ¢ € C and every R-unambiguous
consumption plan ¢® € Cj, the following holds:

Ule) <U(R) = Ule) <U(CR). (4.1)
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The condition R O R in the above definiton means that a more ambiguous
averse agent views more events as ambiguous.

Lemma 1 Let U be HREZ utility with (3,~,v,0). Let c® € Cr and V; denote
the utility process of U(c®). Then, V; satisfies

T
v, — E, / e B =0 pr(R V) ds| | (4.2)
t

where f* is given by Eq. (2.19). Function f* is concave in its consumption
argument. In its utility argument, f* is convex (resp., concave) if v > 1~}

(resp., v < ¥~1), and linear if v =1
Proof See Appendix A.2.

Remark 4 Note that f* depends only on (3,7, %), but not on 6. Thus, Eq. (4.2)
shows that U(c®) dedends only on (83,7,%), but not on @. Given that c® is
an unambiguous consumption plan, this is a natural consequence.

Proposition 2 LetU and U be HREZ utilities with (3,7, 1, 0) and (8,7, 1, 0).
If 0 > 0, then U is more ambiguity averse than U.

Proof See Appendix A.3.

4.2 Comparative Risk Aversion
Let ¢, = El¢] for every ¢ € [0,T]. The following notion of comparative risk
aversion is introduced by Chen and Epstein [3]:

Definition 3 Let U and U be HREZ utilities with the corresponding classes
R and R of unambiguous events. U is said to be more risk averse than U if
R C R and if for every c* € Cr, the following holds:

U <U@ = U <@ (4.3)

Lemma 2 Let U be HREZ utility with (3,7,v,0). Let c® € Cr and let V;
denote the utility process of U(cR). Define Vi = ¢(Vi; ) where

1
@(v;7) = (1 =~)v) 7. (4.4)

Then, there exists an adapted process & such that
Vs == (J(EE V) = 8 = o) e + 1B (45)

2Vi
where /3’ = s and
1—y=t 3 N

f(e,v) LTI (4.6)
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Proof See Appendix A 4.

Remark 5 Let V; denote the utility process of U(¢). Then, the SDE (4.5) is
simplified as the following ODE.

ma:_(ﬂ@jg_sm)ﬁ. (4.7)
Therefore, V; has the representation of the form.
T 5 ~ —
V, = / e P60 (e, V,) ds. (4.8)
t

Eq. (4.8) shows that U(¢) depends only on (/3,) but not on (v, ). Given that
C is a deterministic consumption plan, this is a natural result.

Proposition 3 LetU and U* be HREZ utilities with (8,v,,0) and (8,~v*, 1, 0).
If v* > ~, then U* is more risk averse than U.

Proof See Appendix A.5.

4.3 Ambiguity Aversion

To define ambiguity aversion of utility, Chen and Epstein [3] introduce the
notion of probabilistically sophisticated utility for timeless prospects”. The fol-
lowing definition is interpreted as the notion of probabilistically sophisticated
utility for the case of HREZ utility in continuous-time settings.

Definition 4 For HREZ utility with (8, v, ¢, 6), the corresponding probabilis-
tically sophisticated utility is EZ utility with (5,~, ).

Then, ambiguity aversion is defined as follows.

Definition 5 Let U be HREZ utility. Let U be the corresponding probabilis-
tically sophisticated utility. Then, U is ambiguity averse if for every unam-
biguous consumption plan ¢® € Cr and every consumption plan ¢ € C, the
following holds:

Ule) <U(CR) = Ule) <U(CR). (4.9)
Proposition 4 HREZ utility is ambiguity averse.

Proof Let U be HREZ utility with (8,v,%,6). Let U be the corresponding
EZ utility with (3,7v,). Assume that ¢® € Cxr and ¢ € C are such that
Ulc) < U(cR). First, U(c®) = U(c®) holds from Lemma 1. As U is interpreted
as HREZ utility with (3,7, %, 0+4), from Propositon 2, the following holds:

Ule) < U(c). (4.10)

Thus, it follows from Eq. (4.10) and U(cR) = U(cR) that U(c) — U(cR) =
U(c) = U(e) +U(c) = U(cR) + U(c®) — U(c®) < 0. Therefore, U is ambiguity

averse.

7 for definition, see Chen and Epstein [3].
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4.4 Risk Aversion

Chen and Epstein [3] provide the following definition of risk aversion:

Definition 6 Utility U is risk averse if for every ¢* € Cr,
U(c®) <U@ER). (4.11)

Extending the proof by Duffie and Epstein [4] to the case of HREZ utility,
I show that HREZ utility is risk averse.

Proposition 5 HREZ utility is risk averse.

Proof See Appendix A.6.

4.5 Preferences for Information

I analyze the preferences for information of HREZ utility based on Skiadas [17],
who introduce the concept of preferences for information. He demonstrates
that SDU is information seeking (resp., averse) (for definitions, see Skiadas [17])
if the normalized aggregator is convex (resp., concave) in its utility argu-
ment (Proposition A in Skiadas [17]). However, this concept assumes that
each agent’s subjective probability is unique, rendering it directly inapplicable
to HREZ utility. Therefore, I analyze preferences for information of the fol-
lowing two utilities related to HREZ utility, rather than HREZ utility itself.
The first utility is the observationally indistinguishable EZ utility from HREZ
utility. The second is a restricted HREZ utility, where the domain is restricted
to the set Cr of unambiguous consumption plans. For any event on unam-
biguous consumption plans, evaluations by all candidate probability measures
are identical. Therefore, the subjective probability measure of an agent with
HREZ utility coincides with the base probability.

Proposition 6 Let U denote HREZ utility with (8,v,1,0). Let Ur be HREZ
utility with (8,7,1,0), in which the domain of HREZ utility is restricted to
unambiguous consumption plans Cr, and let U be EZ utility with (8,%,1)
where ¥ =~ + 6. Then, the following 1 and 2 hold.

1. U is information seeking (resp., averse) if y+60 > =1 (resp., y+0 < ~1).
2. Ug is information secking (resp., averse) if v > =1 (resp., v < ~1).

Proof First, consider Ug. Then, from Lemma 1, Uz has the normalized ag-
gregator f* given by Eq. (2.19), and f* is convex (resp., concave) in its utility
argument, if v > 1 ~! (resp., v < 1~ 1). Thus, Ug is information seeking (resp.,
concave), if v > 1~1 (resp., v < ¥~1). Next, consider U. Then, U has a nor-
malized aggregator f given by Eq. (2.29), and f is convex (tesp., concave) in
its utility argument, if v + 6 > =1 (resp., v + 6 < p=1). Therefore, Ug is
information seeking (resp., averse) if v+ 6 > =1 (resp., v+ 60 < ¢~1).
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Remark 6 Note that rhe inverse ¢~! of EIS can be interpreted as temporal
variation aversion. According to Proposition 6.2, if the domain of HREZ utility
is restricted to the set of unambiguous consumption plans, the restricted HREZ
utility is information seeking (resp., averse) if the relative risk aversion is
greater (resp., less) than the inverse of EIS, i.e., temporal variation aversion.
This is interpreted to mean that an agent whose relative risk aversion is greater
than temporal variation aversion seeks information to avoid risk because the
agent prioritizes avoiding risk rather than temporal variation.

5 Other Properties

I demonstrate that HREZ utility is strictly increasing and time consistent by
extending the proof by Duffie and Epstein [4] to cases where the uniform Lip-
schitz condition is not satisfied. I exploit convexity or concavity in the utility
argument of the felicity function in lieu of the uniform Lipschitz condition.
Finally, I show that HREZ utility is homothetic.

5.1 Monotonicity for Consumption

First, I show that HREZ utility is strictly increasing.
Proposition 7 HREZ utility is strictly increasing.
Proof See Appendix A.7.

5.2 Time Consistency

Next, I present that HREZ utility is time consistent (for definition, see Duffie
and Epstein [4]). As demonstrated in the proof of Proposition 4 by Duffie and
Epstein [4], any SDU that satisfies monotonicity for terminal value is time con-
sistent. To show that HREZ utility satisfies monotonicity for terminal value, I
tentatively extend the definition of HREZ utility so that there is a terminal re-
ward at some [0, T]-valued stopping time 7. The terminal reward is defined by
some F.-measurable integrable random variable Y. Then, Proposition Al in
Duffie and Epstein [4] implies that there is a unique integrable semimartingale
V&Y that solves the following equation:

VoY = E, U e P e, VO )ds + e PU0Y | te0,T),  (51)
t

where f is given by Eq. (2.29).

Proposition 8 Let U be HREZ utility with (8,v,v,0). Let T be a [0, T]-valued
stopping time. Suppose Y > Y, Jor Fr-measurable integrable random variables
Y and Y. For any gwen ¢ € C, let V.= VY and V. = VY be defined by
Eq. (5.1). Then, V >V and U is time consistent.

Proof See Appendix A.8.
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5.3 Homotheticity

Finally, I demonstrate the homotheticty of HREZ utility. A utility functional
U is homothetic if for any consumption plan ¢ and ¢, and any scalar o > 0,
U(aé) > U(ac) & U(é) > Ule).

Proposition 9 HREZ utility is homothetic.
Proof See Appendix A.9.

Remark 7 Kikuchi and Kusuda [10] demonstrate that both the optimal consumption-
wealth ratio and optimal portfolio based on HR utility depend only on the
state, but not on time or wealth. This result is attributed to the homothetic-

ity of HR utility.

6 Conclusion

The propseties of HREZ utility were studied. First, I proved that HREZ util-
ity is SDU under certain integrability conditions by correcting the erroneous
proof in Skiadas [18]. It was assumed hereafter that the requisite integrabil-
ity conditions are satisfied. I then derived the normalized representation of
HREZ utility and that the felicity function is chracterized by the subjective
discount rate, EIS, and relative uncertainty aversion. Second, I showed that
HREZ utility is observationally indistinguishable not only from EZ utility but
also among HREZ utilities with common relative uncertainty aversion. This is
a natural consequence of the fact that the felicity function in the normalized
HREZ utility is characterized by the subjective discount rate, EIS, and relative
uncertainty aversion. I explained the robustness effects of HREZ utility, and
introduced an identification method, as proposed by Kikuchi and Kusuda [12].

Third, I analyzed ambiguity and risk aversions of HREZ utility based on
the definitions provided by Chen and Epstein [3]. Specifically, I proved the fol-
lowing: (i) if the subjective discount rate, relative risk aversion, and EIS are the
same for two HREZ utilities, then the utility with greater relative ambiguity
aversion is more ambiguity averse; (ii) if the subjective discount rate and EIS
are the same for two HREZ utilities, then the utility with greater relative risk
aversion is more risk averse; (iii) HREZ utility exhibits both ambiguity and
risk aversions. Fourth, I examined preferences for information of HREZ utility
referencing concepts in Skiadas [17]. Since Skiadas [17]’ framework for pref-
erences for information cannot be directly applied to HREZ utility, I instead
analyzed preferences for information of two related utilities: (i) the observa-
tionally indistinguishable EZ utility from HREZ utility, and (ii) a restricted
version of HREZ utility, where the domain is restricted to unambiguous con-
sumption plans. I demonstrated that the observationally indistinguishable EZ
utility is information seeking (resp., averse) if the sum of relative risk aversion
and relative ambiguity aversion is greater (resp., less) than the inverse of EIS,
and that the restricted HREZ utility is information seeking (resp., averse) if
relative risk aversion is greater (resp., less) than the inverse of EIS.



16 Koji Kusuda

Fifth, I demonstrated that HREZ utility is strictly increasing and time
consistent by extending the proof by Duffie and Epstein [4] to cases where the
uniform Lipschitz condition is not satisfied. I exploit convexity or concavity
in the utility argument of the felicity function in lieu of the uniform Lipschitz
condition. Finally, I showd that HREZ utility is homothetic.

A Proofs

A.1 Proof of Proposition 1

From Ito’s lemma, the SDE for V; is calculated as

_ de 1dp
4V = B v + L9 v ave?

2 dv 2
__6_ 0 ,
(1 =v) 7 = (£ - v - WWF) (o7 ) d |
1o (0 N (A.1)
+ 50 =V) T (g ) i P
% * * IB* * 1*% =/
(QA=—mV) T f (Ctyv;f)_li'y((l_'y)‘/t) =7 ¢ dt +5,dBy
— flet, Vi) dt + G1dBy,

__0_ _
where 5; = ((1—)V{")” T=70; and Eq. (2.29). Therefore, V; has the normalized represen-
tations (2.27) and (2.28). The derivatives of f are calculated as

L _1—p—
Je(e,v) = Be™¥" ((1—u) )1 . >0, (A.2)
_ 1t
Fee(e,v) = =B~ ((1 = U)w)! T <o, (A.3)

Foo(ew) = By +0— =1 ((1 —upw)~ o L, (A1)

Thus, f is strictly increasing and concave in its consumptlon argument. In its utility ar-
gument, f is convex (resp., concave) if v+ 0 > ¢~! (resp., v + 6 < ¥~1), and linear if
~y+0=y"L

A.2 Proof of Lemma 1

In the case of c® € Cr, Eq. (2.18) is rewritten as
T 1—y)Vé
Vi =Bl [ [reren <f*(C§,V§) + EE e 2 ) (A.5)
t
Subtracting Eq. (4.2) from Eq. (A.5) yields

T _ £
VE- V=T [ [ e (f*(&yf) RV + “QZ)VS|55|2> as| . (a.6)
t

Then, the following holds:

Fro(ew) = Bly — el (=)o) T L (A7)
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Thus, in its utility argument, f* is convex (resp., concave) if v > =1 (resp., v < ¥~ 1),
and linear if v = ¢~1. Hence, Vf — V4 is evaulated from below as in the following:

T
E, [/ B <S*f>f:(c§,v:)<V§fvs)ds}, iy > gL,
> t

> T (A.8)
E$ [/ e P = (e, VE(VE — V;‘)ds}, ify < L.
t

Ve -V

Then, the SGB inequality implies Vf > Vi P-a.s. for all t € [0, T]. Therefore, the minimizer
of ¢ is given by & = 0 for every t € [0,T], and U(c®) satisfies Eq. (A.5). Finally, f* is
concave in its consumption argument, as shown in the following:

_1-yp Tt

frlev) = =By te ¥ ((1 - 7)1})1 <o (A.9)

A.3 Proof of Proposition 2

It is obvious that R = R. It follows by Lemma 1 that U(c® ) g (c®) for every c® € Cr.
Let ¢ € C such that U(c) < U(cR). Let OEUs U = ¢(U) and U = @(U) where @ is given by
Eq. (2.26). Then, I obtain Eq. (2.27) and

Vi = B {/ (Fles, Va) — a(6, V2)) ds| - (A.10)
where 1 .
a(v) = (@ = 0)((1=7)v) 77 o] 20. (A-11)
Let 8 = [j(ii;:{l) Then, Egs. (2.27) and (A.10) are rewritten as
T _
Vi, = E¢ [/ e_ﬂ(s_t)f(cs,vg)ds] ; (A.12)
t
T _
o “BG=) (Flee V) — a6,V 4
Vi = By [/t e (f(cs,Vs) q(at,Vt)) ds} , (A.13)
where
R 1 N1-wpTt
Fle,v) = %(1 — Uy (e((1 ~ ) TR . (A.14)

Note that U = v+ 6 > 1~ because v > 1~ and 6 > 0. Then, in its utility argument, f is
convex (resp., concave) if v+ 60 > =1 (resp., v+ 0 < ¥~1), and linear if y + 60 = ¢~ as
shown in the following;:

1—p—1 1

Fuvtew) = B —w)e =0 (0 —2)w) T (A.15)
Subrtracting Eq. (A.13) from Eq. (A.12) yields
T 2 ~ — ~ -~ -
Vi — Vi =E [/ e A=t (f(cs7 Vs) — fles, V) + (e, Vt)) ds}
t

T _
E¢ U e PE=D f(cs, Vo) (Vs — V) ds} L iy >l (A.16)
t

\%

T _
E, [/ e PN f(ca, Vo) (Vs — Vi) ds} , ity <ol
t

The SGB inequality implies Vi > Vi P-a.s. for all t € [0,T]. Therefore, U(C) < U(e) <
U(cR) =U(cR).
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A 4 Proof of Lemma 2

By Lemma 1, Eq. (4.2) and thus the following holds.

Vi = By {/T(f*(civs) -BV;) ds]A (A.17)

t

Then, by martingale representation theorem, there exists an adapted process o such that
the SDE for V; satisfies

v = —(f*(cf,vs)—ﬁ*vs) dt + oldB,. (A.18)
From Ito’s lemma, the ODE process V; = $(Vy; ) satisfies
< dg 1 dp?
dVe = SE(Visy)dV + 5 255 (Vis7)(dVi)?
dv 2 dv?
1 1
=((1-mv) =" {— (£*(cR\ V) = Vi) dt + o7dBy + 5%|at|2dt} (A.19)
t
_— (f(cz%,\‘/t) — BV — l\&ﬁ) dt + &,dBy,
2Vi
1
where 6 = ((1 - 'y)\/})ﬁ_lot.
A.5 Proof of Proposition 3
It is obvious that R = R. Let ¢® € Cgr such that U(cR) < U(¢). Let V and V* denote
the utility process of U(c®) and U*(cR), respectively. First, by Lemma 2.2, U(¢) = U* ().

Thus, it suffices to show U*(c®) < U(cR). By Lemma 1, V; satisfies Eq. (4.2). Define
\A/t* = @(V,*;7) where ¢ is given by Eq. (4.4). Then, by Lemma 2.1,

vy = — (f(cf, Vi) — BV — — |&t\2) dt + 6,dBy. (A.20)
2V;
Let Vi* = ¢(V*) where
1
P() = =o' . (A.21)
-
By Ito’s lemma, V, satisfies
o T : ]
L R G R A I L (A22)
t 2V
where f* is given by Eq. (2.19) and 8* = T g1 Eq. (A.22) is rewritten as
: T o T ke
V=B / e BT [ pr(cRovey - L1572 ) ds| . (A.23)
t 2V

Subtracting ‘775* from V; yields

~ T * ~ *
Vi— Vi =Ey [/ e fTemn <f*(C§,Vs) — PRV + 7&s|2> dS} o (A24)
t

2V

s

As 4% — v > 0, V; — V;* is evaluted as

T - ~
E: U e PO (R V) (Ve — V;)ds] L iy >l
t

T ~
E: U e PO (R V) (Ve — Vs*)ds} . ify <yl
t

ViU > (A.25)

Therefore, U*(c®) < U(cR).
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A.6 Proof of Proposition 5

Let U denote HREZ utility with (8,7,%,8). Let ¢® € Cr. Let Vo = U(c) and Vo = U(&).
From Lemma 1, we have

T
Vi — Vi = By [/ e=B"(s=) (f*(és, V) — £ (R, VS)) ds] . (A.26)
t

where f* is given by Eq. (2.19). Using Fubini’s Theorem for conditional expectations, we
obtain

G-t = k] [ (e R @ V) - ()
+ e B (s—1) (f* (C?, Vs) _ f*(c§7 VS)) }ds:| . (A27)

As f* is concave in its consmuption argument (Lemma 1), by Jensen’s Inequality for con-
ditional expectations,

Be[£*(e0, Va) = (R, V)| > 0. (A.28)
Then, we have

f,:(ES,VS)(‘ngvs), if72¢717

Fr(es, Va) (Ve — V3), ify <L, (A.29)

FRER Vo) = (e ve) > {
Hence, SGB inequality implies V; > V4 P-a.s. for all t € [0, T]. Therefore, U(€) > U(c).
A.7 Proof of Proposition 7

Let U denote HREZ utility with (8,7,%,0). Let ¢,é € C with ¢ > ¢. Let Vo = U(c) and
Vo = U(é). We have

Vi — Vi = By [ / "0 (fen, Vi) - e, Vs))ds] : (A.30)
t
and
f(cS,VS) - J?(ES»VS) = f(cs, Vs) — fT(ESa V) + fT(ESa Vs) — fT(Em ‘73)

FolEs, Vo) (Vs = Vi), ify >t (A31)

2 f(C.st) - f([?.st) + {fv(as,vs)(vs _ Vs), if’y < wil-

Given that f is strictly increasing in its consumption argument (Proposition 1), the result
follows by the SGB inequality.

A.8 Proof of Proposition 8
First, suppose 7 = T'. We have
Vvtc,Y _ Vtc,f’ —E, |:/ e*B(sft) (f(csyvsc,Y) _ f’(657 Vvsc,}_’))ds +Y — )’}j| . (A.32)
t

We have

E¢ [ft 675(57”]?’0(037 Vscjj)(vsc’y - Vst/) ds+Y — i/} , ify > 'z,[}fl7

Eq [ftT675(57t)fv(037 Vsc’y)(vsc’y - VsC’Y) ds+Y — 37} , ify <yl
(A.33)

Thus, the SGB inequality implies Vtc’Y > Vtc‘y P-a.s. for all t € [0,T]. For general 7, we
replace f(cs,Vs) by 1ls<-f(cs, Vs) throughout the above and obtain the same answer.

V;C,Y _ V;C,Y 2



20 Koji Kusuda

A.9 Proof of Proposition 9

The utility process V* is given by Eq. (2.20). Define the OEU process V; of Vi as Vi = ¢(Vy)
where @ is given by Eq. (4.4). Then, from Ito’s lemma, V; satisfies

) o 0 )
vy = — (f(cs,Vs) - BVi — W;‘; |5,t|2) dt+6;dBy, Vr =0, (A.34)
t

B

1—-9
SDE (A.34) and Eq. (4.6) show that U is homothetic.

where B = and f is given by Eq. (4.6). From Proposition 8 in Duffie and Epstein [4],
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